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Abstract—We formulate a coverage optimization problem local knowledge of the environment and no recollection
for mobile visual sensor networks as a repeated multi-player of the past. Other related references on robot deployment

game. Each visual sensor tries to optimize its own coverage i, convex environments include [5][13] for anisotropic and
while minimizing the processing cost. The rewards for the . .
circular footprints.

sensing are not prior information to the agents. We present an - . .
asynchronous distributed learning algorithm where each sensor ~ The paper [1] is an excellent survey on multimedia sensor
only remembers the utility values obtained by its neighbors and networks where the state of the art in algorithms, protgcols

itself, and the actions it played during the last two time steps and hardware is surveyed, and open research issues are
when it was active. We show that this algorithm is convergent  yiscyssed in detail. The investigation of coverage problem
n gmbab'“ty to the set of global optima of certain coverage for static visual sensor networks is conducted in [4][10][2
performance metric. . .
Another set of relevant references to this paper comprise
I. INTRODUCTION those on the use of game-theoretic tools to (i) solve static t

A substantial body of research on sensor networks h&ét assignment problems, and (ii) devise efficient and secur
concentrated on simple sensors that can collect scalay dadgorithms for communication networks. In [15], the author
e.g. temperature, humidity or pressure data. Thus, a maiesent a game-theoretic analysis of a coverage optirieati
objective is the design of algorithms that can lead to optimd0r static sensor networks. This problem is equivalent to
collective sensing through efficient motion control and eomthe weapon-target assignment problem in [19] which is
munication schemes. However, scalar measurements canfggdeterministic polynomial-time-complete. In genethg
insufficient in many situations; e.g. in automated surmeitie ~ solution to assignment problems is hard from a combindtoria
or traffic monitoring applications. In contrast, cameras caOptimization viewpoint.
collect visual data that are rich in information, thus havin Game Theory and Learning in Games are used to an-
tremendous potential for monitoring applications, buthat t alyze a variety of fundamental problems in; e.g. wireless
cost of a higher processing overhead. communication networks and the Internet. An incomplete

Precisely, this paper, part Il, and its companion, part list of references includes [2] on power control, [22] on
aim to solve a coverage optimization problem that takes int®uting, and [25] on flow control. However, there has been
account part of the sensing/processing trade-off. Coeerafimited research on how to employ Learning in Games to
optimization problems have mainly been formulated as célevelop distributed algorithms for mobile sensor networks
operative problems where each sensor benefits from sensfage exception is the paper [14] where the authors establish
the environment as a member of the group. However, sensifglink between cooperative control problems (in particular
may also require expenditure; e.g. the energy consumed Bgnsensus problems) and games (in particular, potential
image processing in visual networks. Because of this, wg@mes and weakly acyclic games).
will endow each sensor with a utility function that quangfie ~ Statement of contributionghe contributions of this part II
this trade-off, formulating a coverage problem as a vamati paper pertain to both coverage optimization problems and
of congestion games in [21]. Learning in Games. Compared with [12][13], this paper

Literature reviewlIn broad terms, the problem studied hereemploys a more accurate model of visual sensor and the
is related to a bevy of sensor location and planning problenfigsults can be extended to deal with non-convex environ-
in the computational geometry, geometric optimizatiord anments and collision avoidance between agents. Contrary
robotics literature. For example, different variations the  to [12], we do not consider energy expenditure from sensor
(combinatorial) Art Gallery problem include [20][23][26] Motions. Despite their distribute and adaptive properties
The objective here is how to find the optimum number ofoordination algorithms proposed in [12][13] and related
guards in a non-convex environment so that each point @es are gradient-based. Thus, the corresponding emerging
visible from at least one guard. A related set of referencd®ulti-agent behavior is easily trapped in a local maximum
for the deployment of mobile robots with omnidirectionalof certain coverage performance metric. In this paper, we de
cameras includes [9][8]. Unlike the Art Gallery classicvelop an asynchronous distributed learning algorithm twhic

algorithms, the latter papers only assume that robots haggables sensors to asymptotically reach in probabilithéo t
set of global optima of certain coverage performance metric
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alternative actions because motion and sensing capacitiedMe now define an associated location gra@h. :=
of each agent are limited and the rewards are not priofQ, Eioc) Where ((¢z,4y), (¢2,¢y)) € Eioc if and only if
information to each agent. Furthermore, we aim to optimizg, — ¢./| + |qy — ¢y/| = 1 for (¢a, qy), (¢, qy) € Q. Note
the sum of all local utility function which captures the tead that the graphjic is undirected; i.e.(q,¢’) € Eioc if and
off between the overall network benefits from sensing andnly if (¢’,q) € FEio. The set of neighbors of in Fioc
the total energy the network consumes. To tackle these tvi® given by N} := {¢’ € Q\ {q} | (¢,¢) € Eioc}. We
challenges, we develop an asynchronous distributed lgg@rniassume that the location gragh, is fixed and connected,
algorithm concisely described as follows: At each time ste@nd denote its diameter by.
only one sensor is active and updates its state by eitheigtryi Agents are deployed irQ to detect certain events of
some new action or selecting an action according to a Gibbsterest. As agents move i@ and process measurements,
like distribution from those played in last two time stepshey will assign a numerical valug’, > 0 to the events in
when it was active. The algorithm is shown to be convergemtach square (with centeg) € Q. If W, = 0, then there is
in probability to the set of global maxima of our coverageno event of interest at the squayeThe larger the value of
performance metric. Compared with the payoff-based lod#/, is, the more interest the set of events at the squavé!
linear learning algorithm in [16], our algorithm optimizeshave. Later, the amoun¥, will be identified with a benefit
a different global function, and has stronger convergenagf observing the poing. In this set-up, we assume the values
properties; see also Remark 4.1. W, to be constant in time.
2) Modeling of the visual sensor node&ach mobile

II. PROBLEM FORMULATION AND LEARNING ALGORITHM agenti is modeled as a point mass i@, with location

Here, we first review some basic game-theoretic concepts; := (z;,v;) € Q. Each agent has mounted a pan-tilt-zoom
see, for example [7]. This will allow us to formulate sub-camera, and can adjust its orientation and focal length.
sequently an optimal coverage problem for mobile visual The visual sensing range of a camera is directional,
sensor networks as a repeated multi-player game. We thgmited-range, and has a finite angle of view. Following a
present an algorithm to solve the coverage game, and intr@eometric simplification, we model the visual sensing regio
duce notation used throughout the paper. of agenti as an annulus sector in the 2-D plane; see Figure 1.

A. Background in Game Theory The visual sensor footprint is completely characterized by

A strategic gamd := (V, A, U) has three components:

1. A setV enumerating playersc V := {1,..., N}.

2. An action setd := []\, 4, is the space of all actions
vectors, wheres; € A; is the action of playei and an
(multi-player) actions € A has componentsy, ..., sy.

3. The collection of utility functiond’, where the utility
functionu; : A — R models playet’s preferences over
action profiles.

Denote bys_; the action profile of all players other than
i, and by A_; = [[,,; A, the set of action profiles for
all players except. In conventional Non-cooperative Game
Theory, all the actions ind; always can be selected by
playeri in response to other players’ actions. However, in
the context of motion coordination, the actions available t Fig. 1. Visual sensor footprint
player: will often be restricted to a state-dependent subset
of A;. In particular, we denote by (s;,s_;) C A; the the following parameters: the position of agent; € Q,
set of feasible actions of playerwhen the action profile the camera orientatiord; € [0,27), the camera angle of
is s := (s;,5_;). We assume thaF(s;, s_;) # 0. Denote VieW, a; € [amin, amay/, @nd the shortest range (resp. longest
F(s) = [Tiey Fi(s) CA, Vs € Aand F := U{F(s) | s € range) between agenand the nearest (resp. farthest) object
A}. The introduction ofF' leads naturally to the notion of that can be recognized from the imagé™ € [rmin, rma

restricted strategic games := (V, A, U, F). (resp.7}"® € [Fmin, 'mad)- The parameters?™ "%, o, can
) be tuned by changing the focal lengii,; of agenti’'s
B. Coverage problem formulation camera. In this wayg; := (FL;,0;) € [0, FLma x [0,27)

1) Mission space:We consider a convex 2-D missionis the camera control vector of ageintIn what follows,
space that is discretized into a (squared) lattice. We assunmve will assume thatc; takes values in a finite subset
that each square of the lattice has unit dimensions. EachC [0,FLmad x [0,27). An agent action is thus a vector
square will be labeled with the coordinate of its center  s; := (as,¢;) € A; :== Q x C, and a multi-agent action is
(qzs qy), Where g, € (e Qe @A Gy € [Qyoins ynn)s  denoted bys = (s1,...,sn) € A:=1IN | A,.
for some integerg., .., Gymin: Gomaxs Qumax- DENOtE DYyQ Let D(a;,c;) be the visual sensor footprint of agent
the collection of all squares in the lattice. Now we can define a proximity sensing graph ®}(s) :=



(V, Eser(s)) as follows: the set of neighbors of agent ward to extend our results to non-convex 3-D spaces. This is
NZ®(s), is given asN®\(s) := {j € V\{i} | D(ai,c;) N because the results that follow can also handle other shapes
D(aj;,c;) N Q #0}. of the sensor footprint; e.g., a complete disk, a subset of
Each agent is able to communicate with others to exchangiee annulus sector. In addition, collision avoidance betwe
information. We assume that the communication range @bbots can also be guaranteed. To do this, it is enough to
agents iS2rmax. This induces &rmax-disk communication remove from the feasible action set the neighboring locatio
graph Geomm(s) := (V, Ecomm(s)) as follows: the set of where other agents are located. Furthermore, the coverage
neighbors of agent is given by N°™(s) := {j € problem can be interpreted as a target assignment problem—
V\{i} | (@ — ;)% + (yi — y;)* < (2rmax)?}. Note that here, the valuéV, > 0 would be associated with the value
Geomm(s) is undirected and tha&fsen(s) € Geomm(s)- of a target located at the poigt
The motion of agents will be limited to a neighboring point Inh h | . laorith
in Gioc at each time step. Thus, an agent feasible action sét nhomogeneous asynchronous learning aigorithm
will be given by F(a;) := ({a;} UN(BC) < C. The agents aim at maximizing the coverage performance
3) Coverage game:We now proceed to formulate a MetricU,(s). In our problem, motion and sensing capacities
coverage optimization problem as a restricted strategitzega Of each agent are limited and’, is not priori information
For eachq € Q, we denoten,(s) as the cardinality of the to each agent. This leads to the fact that each agent is
set{k € V | ¢ € D(ax, ) N Q}; i.e., the number of agents Unable to access to the utility values induced by alteraativ
which can observe the point The “profit” given by W, actions. To tackle this challenge, we present a distributed
will be equally shared by agents that can observe the poil@@rning algorithm, say the Inhomogeneous Asynchronous
g. The benefit that agerit obtains through sensing is thusLearning (IAL) Algorithm, which only requires each sensor
defined by~ cp (4, cno nL(«;) In our set-up, we assume t0 remember 'Utl|lt){ values obta}lned by its nelghbors and
that I, is unknown to each agemtunless agent senses;. itself, and actions it played during the last two time steps
On the other hand, and as argued in [18], the processitgien it was active.
of visual data can incur a higher cost than that of com- We next introduce some notations to present the IAL
munication. This is in contrast with scalar sensor networké\lgorithm. Denote byB the spaceB := {(s,s’) € A x
where the communication cost dominates. With this obsed | s—i = s_;, s; € F(a;) for some i € V}. For any
vation, we model the energy consumption of agerty s°,s' € A with s, = s, for somei € V, we denote

filei) == %ai((ng)z — (r$"™2). This measure corresponds Alst ) 1 Z W, 1 Z W,
i\, 8 =z -5 )
2 foere ng(st) 2 n4(s0)

i
qe 4

to the area of the visual sensor footprint and can serve to

approximate the energy consumption or the cost incurred by

image processing algorithms. where Q; = D(al,c)\D@), ) N Q and Qy :=
We will endow each agent with a utility function that aimsD(ag, ON\D(al,ch) N Q, and

to capture the above sensing/processing trade-off. Imthys 0 1 L Lo 0 0 1

we define a utility function for agent by pils”;87) = (ui(s7) = Ails™,87)) = (wi(s7) = Aq(s7,87))

(5) Z w, ) (s, s1) == max{u;(s°) — Ai(s°, 1), ui(s') — Ay(st, s2)},
u;(s) = = fi(ci). 1
wep(arione "1() mti= om0 ) () = Ad(s ), 5

Note that the utility functiony; is distributed over the visual
sensing graphJseds); i.e., u; is only dependent on the
points ¢ within its sensing rang®(a;, ¢;) and the actions

It is easy to check that\;(s!,s’) = —A;(s% s!) and

U, (sY, ) = W;(st, s°). Assume that at each time instant,
of {i} UNSYs). With the set of utility functionslUcey = one of agents becgme; active with equal probabiIiFy. Denote
{u;}iev, and feasible action sg, = IV, U, e Filas), by .%(t) the last time Er;)stant beforé when agenp was

we now have all the ingredients to introduce the coverag®tive. We then denote;™ (¢) := ~; o 7i(t). The main steps
gameTeoy := (V, A, Ucow, Feow). This game is a variation of ©f the IAL Algorithm are described in the following.

the congestion games introduced in [21]. In our companiokfitialization At ¢ = 0, all agents are uniformly placed @.

paper [28], it is shown that the coverage gaing, is a
restricted potential game with potential functiers) :=

2qe0 E?i(ls) % — YN fi(e:). However, the potential

Each agent uniformly chooses the camera control vec-
tor ¢; from the setC, and then communicates with agents
in V¥(s(0)) and computes; (s(0)). Furthermore, each

function (s) is not a straightforward measure of the network ~ agenti choosesn; € (2m”, K'm*| for somekK > 2. At
performance. On the other hand, the objective function ¢ =1, all the sensors keep their actions.
Uy(s) == 3 ,cy ui(s) captures the trade-off between theUpdate Assume that agent is active at timet > 2. Then

overall network benefit from sensing and the total energy the

network consumes. In what follow$],(s) is perceived as
the coverage performance metric. Finally, we $&t denote
S* :={s | argmax,c 4U,(s)}.

Remark 2.1: The assumptions of our problem formula-

tion admit several extensions. For example, it is straaghtf

agenti updates its state according to the following rules:
e Agent i chooses the exploration rate(t) =

¢~ OFDRF D™ |

e With probability e(t)™:, agent: experiments and
uniformly choosess™ := (', ¢P) from the action set
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e With probability 1 — €(¢)™¢, agenti: does not ex- (A2) lim. o+ Py, = Pfy.
periment and chooses® according to the following  (A3) If Py, > 0 for somee, then there exists a real number

probability distribution: X(x — y) > 0 such thatlim,_, ¢+ P;y/eX(xHy) € (O, oo)
o 1 In (A3), the nonnegative real numbgfz — y) is called
P(s; = si(t)) = i (5112 (D)4 1)5:(0) the resistance of the transition fromto y.
L e(t)retentn ’(;) Let Hi,H>,---,H; be the recurrent communication
P — 5P (1) 4 1)) = €(£)Pi(si (P (HOF1)5:(6) classes of the Markov chaifiP?}. Note that within each

7

1+ E(t)pi(s,;('y,§2)(t)+1),s,;(t))' classHy, there is a path of zero resistance from every state
- ‘ ., loevery other. Given any two distinct recurrence claddes
e After s;” is chosen, agent moves to the positiom;  and H,, consider all paths which start froff, and end at

and sets its camera control vector todf;'é H,,. Denotey,;, by the least resistance among all such paths.
Commun|cat|0n and ComputatIOAt pOSItlonap the aCt|Ve Now define a Comp'ete directed graglwhere there is
agenti communlcates with agents iN*\sP,s_;(t)), one vertext for each recurrent clasd,, and the resistance
and computes:; (s, s_;(t)), Ai((sP, 5_i(1)), (%( )+ on the edg€/, k) is x.. An (-treeon G is a spanning tree
1)), F(a). such that from every vertek # ¢, there is a unique path
4: Repeat Step 2 and 3. from £ to ¢. Denote byG(¢) the set of alll-treeson G. The

Remark 2.2: A variation of the previous algorithm cor- resistance of arf-tree is the sum of the resistances of its
responds ta(t) = e € (0, 3] constant for alk > 2. If this is  edges. Thestochastic potentiabf the recurrent clas#l, is
the case, we will refer to the algorithm as the Homogeneoube least resistance among éftreesin G(¢).
Asynchronous Learning (HAL, for short) Algorithm. Later, Theorem 3.1 ([27]): Let {Pf} be a regular perturbation
the convergence analysis of the IAL will be based on thef {P/}, and for eache > 0, let u(e) be the unique
analysis of the HAL. stationary distribution of{Pf}. Then lim,_ o+ u(e) exists
and the limiting distribution.(0) is a stationary distribution
of {P?}. The stochastically stable states (i.e., the support of
The notatjonO(d“) for somek > 0 implies that0 <  1(0)) are precisely those states contained in the recurrence
lim, g+ Oiik) < oo. We denote bydiag(A) := {(s,s) € classes with minimum stochastic potential.
A? | s € A} anddiag(S*) := {(s,s) € A? | s € S*}.
Considera,a’ € Q wherea; # o, anda_; = a’_; for B. A class of time-inhomogeneous Markov chains
somei € V. The transitiona — o’ is feasible if and only  Here, we derive sufficient conditions for a class of time-

if (a;,a;) € Eio. If there is a feasible path, consisting ofinhomogeneous Markov chains to converge. The main refer-
multiple feasible transitions, from to a/, then we denote ences include [6] and [11].

D. Notations

a = a'. We denote the reachable set from the Stﬂtby Consider a time_inhomogeneous Markov Chéiﬁt} on
oa 1= {C_l' €Qla=ad} a finite state spaceX with transition matrix P<*) where
Considers := (a,c),s' := (d’,c) € A whereq; 75 a;  €(t) € (0,5] for somes > 0. Let P¢ be the transition matrix

anda_; = a_; for somei € V. The transitions — s" is if ¢(¢) is a constant: € (0,<] for all ¢ > 1. Denote by
feasible if and only ifs; € F(a). If there is a feasible path, {P¢} the time-homogeneous Markov chain which evolves
consisting of muItlpIe feaS|bIe transitions, frasto s’, then according toP*.

we denotes = s’. We denote the reachable set from the Proposmon 3.1: Assume that{’])t} |Saregu|ar perturba_
states by os :={s’" € A| s = s'}. tion of {P?}. The time-inhomogeneous Markov chgi®, }

is strongly ergodic if the following conditions hold:

h ke of | | h k(Cl) The Markov chain{P;} is weakly ergodic.
For the sake of completeness, we include here some bac (C2) €(t) > 0 and is strictly decreasing.

ground in the Theory of Resistance Trees [27]. This section (C3) If P;Z(lt) ~ 0. then sz) = uay (€(1))/ By (1)) Tor
also includes a sufficient condition on the convergence of .
some polynomialgy,, (e(t)) and 8, (e(t)) in e(t).
a class of time-inhomogeneous Markov chains that will be -
Proof: We omit the proof due to space limits. =

din th | algorith f later.
used in the general algorithm proof later Remark 3.1: In Proposition 3.1, (C3) can be replaced
A. Background in the Theory of Resistance Trees by the following. (C3’) If Pjg(f) > 0, then ny) =

Let PP be the transition matrix of the time-homogeneougtey (€(t))/ By (€(t)) wWhere aqy(e(t)) and [y, (e(t)) are
Markov chain{P?} on a finite state spac¥. And let P¢ be smooth at the origin. Following along the same lines as in
the transition matrix of @erturbed Markov chainsay{P:}. ~ Proposition 3.1, one can complete the proof by using the
With probability 1 — ¢, {P¢} evolves according td°, while  Taylor expansions ofv., (¢(t)) and 5, (€(t)) at the origin.
with probability e, the transitions do not followP?.

A family of stochastic processgsP; } is called aregular
perturbationof {PP} if the following holdsVz,y € X: In this section, we show the convergence of the IAL
(Al) For somes > 0, the Markov chain{P;s} is irre- Algorithm to S* by appealing to the results in Section IlI.

ducible and aperiodic for aH € (0, ]. To do this, we first analyze the HAL Algorithm next.

IIl. PRELIMINARIES TO CONVERGENCE ANALYSIS

IV. CONVERGENCE ANALYSIS OF THEIAL A LGORITHM



A. Convergence analysis of the HAL Algorithm where

The convergence property of the HAL Algorithm will be e(t)mi 1— e(t)m
studied by using Proposition 3.1. To simplify notations, we'1 = NIF@)\ {0, s3] N2 = N+ e(t)p: 0Dy
- (2) i 5iy 85
denotes; (t — 1) := s;(7;”’(t) + 1) in the remainder of this s pe(s0,51)
section. Observe that(t) := (s(t — 1),s(t)) in the HAL g .= (L—e(®)™) x Eg) T _
Algorithm constitutes a Markov chaiffP;} on the space N(L A+ e(t)e )

Bi={(s,5) E_A XEA.‘ s; € Flai), Vi € V}_' o It is clear that (C3) in Proposition 3.1 holds. We now
Lemma.4.1. {Pi} is a regular perturbation of;'}. proceed to verify (C1) in Proposmon 3.1 by using Theorem
Proof: We omit the proof due to space limits. ® /35 i [11]. Observe thatF(al)| < 5|C|. Sincee(t) is

A direct result of Lemma 4.1 is that for eaeh> 0, there  gyjcqy decreasing, there i > 1 such thatto is the first
exists a unique stationary distribution ¢}, say u(€).  time whenl — e(t)™ > e(t)™

From the proof of Lemma 4.1, we can see that the re&stanceomerve that for alt > 1, it holds that
of an experiment isn; if sensori is the unilateral deviator.

We now utilize Theorem 3.1 to characterilier, g+ p(e). e(t)m e(t)m itm”

Proposition 4.1: Consider the regular perturbed Markov mz NIl —1) = N( —1)
process{Pf}. Then lim. .o+ u(e) exists and the limiting
distribution x(0) is a stationary distribution of P?}. Fur- Denoteb := wu;(s!) — A;(s!,s°) and a = wu;(s?) —
thermore, the stochastically stable states (i.e., thewtjmd A;(s’,s'). Then p;(s°,s!) = b — a. Sinceb — a < m*,
1(0)) are contained in the selfiag(S*). then fort¢ > ¢, it holds that

Proof: The unperturbed Markov chain corresponds . mas{a.b}—b

to the HAL Algorithm with e = 0. Hence, the recurrent , _ 1—e(®)™ _ (1 —e(®™)e() ’

communication classes of the unperturbed Markov chain are N (1 +€(t)?=¢)  N(e(t)ymax{abi=b 4 ¢()max{a,b}—a)

contained in the sefliag(.A4). We will construct resistance e(t)m'ie(t)ma"{a>b}—b e(tymitm’

trees over vertices in the sdtag(.4). DenoteT,,;, by the = IN = N( —1)

minimum resistance tree. The remainder of the proof is

divided into the following four claims. Due to the space limi Similarly, for ¢ > #, it holds that

we omit the details here. iy (p\max{a.b}—a
Claim 1: (s, %) = (s,51)) = my + Uy(sh,0) = gy = (L= e(O™)e(tym0) >

(ui(s) — Ai(st, s°)) wheres® # s' and the transition® — N (e(tymaxtabh=b 4 ¢(t)maxiabi=a) = N(

s! is feasible with sensar as the unilateral deviator.
Claim 2: All the edges((s,s),(s’,s’)) in Tiyin Must

consist of only one deviator; i.es; # s, ands_; = s’

e(t)ymitm”
— 1)'

Sincem,; € (2m*, Km*], for all ¢ € V and Km* > 1, then
for any feasible transition! — 22 with z! # 22, it holds

for somei € V. o) e(t)(K“)’”*
Claim 3: Given any edgé(s, s), (s’,s)) in Tmin, denote Pain= N([C[—1)
by i the unilateral deviator between and s’. Then the
transitions; — s is feasible. for all ¢ > t,. Furthermore, for altt > ¢, and all z! €
Claim 4: Let h, be the root off},;,,. Then,h,, € diag(S*). diag(.A), we have that:
Proof of Proposition 4.1: It follows from Claim 4 that N
the stateh, € diag(S*) has minimum stochastic potential. e(t) 1 _— -
Then Proposition 4.1 is a direct result of Theorem 3.1 Paa=1- N 26@) N z:l(l —e®™)
B. Convergence analysis of the IAL Algorithm 1 XN: o e(t)E+Dm’
- € * — s -
We are now ready to show the convergence in probability - N~ ~— N(5|C|—-1)
of the ISL Algorithm by combining Proposition 4.1 and
Proposition 3.1. Let P(m,m) be the identity matrix, andP(m,n) :=

Theorem 4.1: Consider the Markov chaig?;} induced [[;=,, L p®, 0 < m < n Pickz € Band letu, € B
by the ISL Algorithm for the gamé&'c,. Then it holds that be such thaPuzz(t7t+D+ 1) = mingeg P (t,t+D+1).

limy oo P(2(t) € diag(S*)) = 1. Consequently, it follows that for atl > ¢,
Proof: Denote byP<(*) the transition matrix of P;}. .
It is obvious that (C2) in Proposition 3.1 holds. Consider th i Pp.(t,t+D+1)
feasible transitiorz! — 22 with unilateral deviatori. The - Z Z pet) | pelt+D=1) pe(t+D)
corresponding probability is given by wnin " Pip_yin  Lipz
1 EB ip€EB
m, s; € Flai) \ {s,si}, > pe) . pelttD=1) pelttD)
Pe(t) _ n 82 _ 81 U1 1D—-1tD 1Dz
e > 50 > (46(15) YPADE+)m”
13, Si = Si» - N(5|C| *1)



Hence, we obtain [3]
1-XP(t,t+D+1)) ”
= min, > min{P,.(t,t+ D+ 1), P.(t,t+ D+ 1)}

z€B
(5]
S .
> Zglelgpm(tt—&-D—i— 1)
zEB 6]
>3 P.(t,t+D+1)
zeB g}
et *
> 18l =)
(9]
Choosek, := (D + 1)¢ and let{, be the smallest integer
such that(D + 1)¢y > to. Then it holds that [10]
D (L= MPlhe,ker) = > (1= A(P(ke, key))) [11]
£=0 =4 [12]
S (D +1)0) | (pr1y(k+1)m
> S S
- Z |B|<N(5\C| - 1)) [13]
=0y
|B] S
= . [24]
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Hence, the weak ergodicity dfP;} follows from Theorem (23]

V.3.2 in [11]. The strong ergodicity of P} follows directly [16]

from Proposition 3.1. It follows from Theorem V.4.3 in [11]

that the limiting distribution is:* = lim; ., uf. Note that [17]

limy—, 00 pt = limy—, oo p(e(t)) = p(0) and Proposition 4.1
shows that the support ofi(0) is contained in the set
diag(S*). Hence, the support gi* is in diag(S*). [ |
Remark 4.1: Compared with the payoff-based learning
algorithms in [16], the IAL algorithm optimizes the sum
of all local utility functions instead of the potential func 4
tion [16]. Furthermore, the algorithms in [16] converge to
the set of global optima of the potential function with
sufficiently large probability by choosing a sufficiently alin 20]
exploration rate in advance, and the induced evolution Is
a time-homogeneous Markov chain. In contrast, our IAI21]
algorithm employs a diminishing exploration rate. This[22
leads to the evolution of the IAL algorithm being a time-
inhomogeneous Markov chain and a stronger convergen@al
property of reaching the sét* in probability. [24]

V. CONCLUSION
We have formulated a coverage optimization problem a[gs]
a multi-player game. An asynchronous distributed learnin
algorithm has been proposed for this coverage game a[%
shown to asymptotically converge to the set of global optima
of the coverage performance metric in probability. [27]
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