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Abstract

We come up with a class of distributed quantized averagiggrdhms on asynchronous commu-
nication networks with fixed and switching topologies. Tloeus of this paper is on the study of the
convergence time of the proposed quantized averagingitilgw. By appealing to random walks on
graphs, we derive polynomial bounds on the expected coexeggtime of the algorithms presented, as

a function of the number of agents in the network.

. INTRODUCTION

Consider a network ofV (mobile or immobile) agents. The distributed consensu®blpro
aims to design an algorithm that agents can utilize to asytigpdly reach an agreement by com-
municating with nearest neighbors. This problem histdlgcaots in parallel computation [2],
and has attracted significant attention recently [3][18][JAs a special case of the consensus
problem, the distributed averaging problem requires thatdonsensus value be the average of
individual initial states.

In real-world communication networks, the capacities ofmownication channels and the
memory capacities of agents are finite. Furthermore, thepotations can only be carried out
with finite precision. From a practical point of view, realed averaging algorithms are not
feasible and these realistic constraints motivate thelpnolof average consensus via quantized
information. Another motivation for distributed quantizeéveraging is load balancing with
indivisible tasks. Prior work on distributed quantizedraggng over fixed graphs includes [1], [6],

[7], [12]. Recently, [15] examines quantization effects astributed averaging algorithms over
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time-varying topologies. As in [12], we focus on gossipdzhgjuantized averaging algorithms
preserving the sum of the state values at each iteratios. Setup has the following properties of
interest: the sum cannot be changed in some situations,asuldad balancing; and the constant
sum leads to a small steady-state error with respect to teege of individual initial states.
This error is equal to either one quantization step size oo p@hen the average of the initial
states is located at one of the quantization levels) andithilependent ofV.

The worst-case upper bound, as a functiom\ofand independent of network topologies, on
the convergence time is a typical measure to quantify thtopeance of real-valued averaging
(e.g., in [17]) and quantized averaging (e.g., in [12], )15} particular, polynomial bounds over
fixed complete and linear graphs are derived in [12]; andatiteors in [15] give a polynomial
bound over switching topologies. To explicitly find theseubds, the paper [15] requires a
common time-slotted system, and [12] needs some globatn#ton (e.g, a centralized entity
choosing one edge to establish communication or the nunillee @dges available in the graph).
However, real-world communication networks are inheseagynchronous environment and
lack of centralized coordination. These constraints nadéivus to employ the asynchronous
network model in [4] to select one edge at each time instard totally distributed manner
without any global information.

After the submission of this work, the papers [9], [13] stupbssip-based quantized averaging
algorithms and characterize the bounds on their conveegetes for fixed and connected graphs.
Instead of being functions d¥, these bounds depend on graph topologies. Our resultdpged:
independently from [9], [13], provide general bounds on éx@ected convergence time over
fixed and switching topologies.

Statement of contribution§.he present paper proposes a class of distributed quardaizsd
aging algorithms on asynchronous communication networks fixed and switching topologies.
The algorithms are shown to asymptotically reach quanteasxtage consensus almost surely.
Furthermore, we utilize meeting times of two random walksgaaphs as a unified approach to
derive polynomial bounds on their expected convergencesimoward our best knowledge, this
note is the first time to derive such polynomial bounds witheguiring any global information.

We refer the readers to [14] for an enlarged version of thig mioat includes all the proofs. A

1As in [4], asynchronism in this note means that time is not assumed to bedstottemonly across nodes.
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preliminary conference version of this paper is in [19] whétre convergence time of synchronous

algorithms is also studied.

Il. PRELIMINARIES AND PROBLEM STATEMENT

Here, we present the problem formulation along with somati@t and terminology.

Asynchronous time modeh this note, we will employ the asynchronous time model psgul
in [4]. More precisely, consider a network d¥ nodes, labeledl through N. Each node
has a clock which ticks according to a ratePoisson process. Hence, the inter-tick times at
each node are random variables with ratexponential distribution, independent across nodes
and independent over time. By the superposition theorem éssBn processes, this setup is
equivalent to a single global clock modeled as a rétBoisson process ticking at timé&, }x>o.

By the orderliness property of Poisson processes, the clokk tlo not occur simultaneously.
The inter-agent communication and the update of consenates only occur af 7, }1>o. In the
reminder of this paper, the time instanwill be discretized according t¢Z}.>, and defined
in terms of the number of clock ticks.

Network modelWe will employ the undirected grapfi(t) = (V, E(t)) to model the network.
HereV := {1,--- , N} is the vertex set, and an edggi) € E(t) if and only if node; can
receive the message from naod@.g., nodeg is within the communication range of nodeat time
t. The neighbors of nodeat timet are denoted by;(¢t) = {j € V | (j,4) € E(t) andj # i}.
The state of node at time¢ is denoted byz;(¢) € R and the network state is denoted by
z(t) = (z1(t), -+ ,zn(t))T. Suppose the initial states(0) € [Unin, Umax] for all i € V and
some real number§,,;, and U, .

Quantization schemd.et R denote the number of bits per sample. The total number of
quantization levels can be represented/by- 2% and the step size i& = (Upax — Unin) /2.
The quantization levels{w, --- ,w.}, are uniformly spaced in the sense that, —w; = A
fori e {1,---,L —1}. A quantizerQ : [Unin, Unax] — {w1,--- ,wr} is adopted to quantize
the message € [Uwin, Unax] in such a way thaQ(u) = w; if u € [w;,w;11) for somei €
{1,---, L —1}. Assume that the initial states(0) for all i € VV are multiples ofA.

Problem statemenftThe problem of interest in this paper is to design distridudweraging
algorithms which the nodes can utilize to update their sthecommunicating with neighbors

via quantized messages in an asynchronous setting. Utiynajuantized average consensus
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is reached in probability; i.e., for any initial state0), there holds thatim; . P(z(t) €
W(z(0))) = 1. The setW(z(0)) is dependent on initial state(0) € RY and defined as
follows. If 2(0) = & 3" 2,(0) is not a multiple ofA, then W(z(0)) = {z € RY | o, €
{9(z(0)), Q(z(0)) + A}}; otherwise W(z(0)) = {x € RY | x; = 7(0)}. Now it is clear that
the steady-state error is at maStafter quantized average consensus is reached.

Notions of random walks on graphs this paper, random walks on graphs play an important
role in characterizing the convergence properties of owantmed averaging algorithms. The
following definitions are generalized from those definedfiwed graphs in [5], [8].

Definition 2.1 (Random walks): A random walk on the graplg(¢) under the transition
matrix P(t) = (p;;(t)), starting from node» at time s, is a stochastic proceqsX (¢)}:>s such
that X(s) =v andP(X(t +1) = j | X(¢) = 1) = p;;(¢). A random walk is said to be simple if
for anyi € V, p;(t) = 0 for all t > 0; otherwise, it is said to be natural. .

Definition 2.2 (Hitting time): Consider a random walk on the gragtit), beginning from
node: at times and evolving under the transition matiX¢). The hitting time from node to the
setA C V, denoted asi g5 (i, A), is the expected time it takes this random walk to reach
the setA for the first time. We denotéf ) p())(A) = sup,o maxiey Hgw),p@).s) (i, A) as the
hitting time to reach the set. The hitting time of the pait, j, denoted a$i (), p).) (7, ), is the
expected time it takes this random walk to reach ngder the first time. Denoted g« p()) =
sup,somax; jev Hgw),pa),s (i, j) as the hitting time of going between any pair of nodes. e

Definition 2.3 (Meeting time): Consider two random walks on the graptt) under the
transition matrix P(¢), starting at times from node: and node; respectively. The meeting
time Mg, p),s (7, 7) of these two random walks is the expected time it takes themetet at
some node for the first time. The meeting time on the gréph) is defined asM g, p@)) =
SUP, >0 max; jev Mg(),p(t),5) (4, J)- .

For the ease of notation, we will drop the subscrph the hitting time and meeting time
notions for fixed graphs.

Notations.For o € R, defineV,, : RN — R asV,(z) = 3.~ (z;—a)? We define/ : RY — R
as J(z) = (max;ey x; — mingey x;)/A. Denote the se® = {(k, k) | k € V'}. The distribution
of a vectorz € RY is defined to be the lisf(q,m1), (g2, m2), - -, (qx, my)} for somek € V
whereZif:l my = N, ¢; # q; for i # j andm, is the cardinality of the sefi € V' | z; = ¢/}.
The cardinality of the sed/ is denoted by M |.
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[11. A SYNCHRONOUS DISTRIBUTED QUANTIZED AVERAGING ON FIXED GRARS

In this section, we propose and analyze an asynchronousbdisd quantized averaging
algorithm on the fixed and connected gra@hMain references are [12] on quantized gossip

algorithms and [5] on the meeting time of two simple randontke/@n fixed graphs.

A. Proposed algorithm

Theasynchronous distributed quantized averaging algorithmire fixed and connected graph
G (AF, for short) is described as follows. Suppose ngslelock ticks at timet. Node: randomly
chooses one of its neighbors, say ngdavith equal probability. Nodeé and j then execute the

following local computation. Ifz;(t) > x;(t), then

ri(t+1)=a;(t) — 0, w;(t+1)=x(t)+0; (1)
otherwise,

zi(t+1)=x;(t) +9, =x;(t+1)=uz;(t)—0, (2)

whered = L|z;(t) — z;(t)| if Z250] s an integer; otherwise, = O(L|z:(t) — z;(1)]) + A.
Every other nodé: € V' \ {i, j} preserves its current state; i.e,(t + 1) = zx(t).

Remark 3.1: The precision% is sufficient for the computation @f and thus the update laws
(1) and (2). It is easy to verify that;(¢) € [Umin, Umax] @nd z;(t) are multiples ofA for all
1 € V andt > 0. Furthermore, the sum of the state values is preserved htiwaation.

If |z;(t) —x;(t)] = A, the update laws (1) and (2) becomgt + 1) = x;(t) andz;(t + 1) =
x;(t). Such update is referred to adravial averagein [12]. If |z;(t) — z;(t)| > A, then (1) or
(2) is referred to as aon-trivial average Although it does not directly contribute to reaching

guantized average consensus, trivial average helps tbamafion flow over the network. e

B. The meeting time of two natural random walks on the fixed gtaph

We first study a variation of the problem in [8], nametiie meeting time of two natural
random walks on the fixed gragh More precisely, assume that the fixed grgphe undirected
and connected. Initially, two tokens are placed on the gi@pat each time, one of the tokens
is chosen with probability}v and the chosen token moves to one of the neighboring nodas wit

equal probability. What is the meeting time for these two t@@
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The tokens move as two natural random walks with the tramsitatrix Par on the graplg.
The matrix Par = (p;;) € RV is given byp;; =1 — « fori e V, p;; = W for (i,7) € E.
Their meeting time is denoted ad(g p, ). Denote any of these two natural random walks as
X . Correspondingly, we construct a simple random walk, &gy with the transition matrix
P on the graptg where Psp = (p;;) € RV is given byp; = 0 andp;; = Wl‘ if (i,7) € E.
The hitting times ofXs and X, are denoted a#l g p,.) and Hg p,,), respectively.

Proposition 3.1: For the problem of the meeting time of two natural random wadk the
fixed graphg, it holds thatM p,.) < 2NH g pg.) — N.

Proof: Since the fixed graply is undirected and connected, the random walkg and
X are irreducible. The reminder of the proof is based on thievohg claims:

(i) It holds thatH g p,,) > N.

(i) For any pairi, j € V with i # j, we haveH g p, (i, ) = NHg py (7, 7)-

(i) For any i, j, k € V, the following equality holds:

Hg.par) (1,5) + Hg,pre) (3, F) + Hg.par) (K, 1) = Hig,paw) (i, k) + Hig.par) (K, J) + Hig.par) (J: 1)

(iv) There holds thatV/(g p,.) < 2H g p,.) — V.

Due to the space limitation, we omit the details of the proofs [ |

C. Convergence analysis éfF

We now proceed to analyze the convergence propertiestofThe convergence time ofF
is a random variable defined as follows;,,(z(0)) = inf{t | z(t) € W(x(0))}, wherez(t)
starts fromz(0) and evolves undeAF. ChooseVs)(z) = SV (z; — £(0))* as a Lyapunov
function candidate foAF. One can readily see th&t o) (z(t + 1)) = Vz)(x(t)) when a trivial
average occurs anti;(z) reduces at leastA? when a non-trivial average occurs. Hence,
Vi) () is non-increasing along the trajectories, and the numberooftrivial averages is at
most 513 Vz(0)(x(0)). Define the setl = {x € RY | the distribution of z is {(0,1), (A, N —
2),(2A,1)}} and denotel[Ty] = max,o)ew E[Tcon(2(0))]. It is clear that the expected time
between any two consecutive non-trivial averages is ngelathanE[Ty]. Then we have the
following estimates o [T¢,,(x(0))]:

< Ve )R] < YEON

where the second inequality is a direct result of Lemma 4 #].[1

E[Tcon(x(o)ﬂ E[T\P]? (3)
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Theorem 3.1: For anyz(0) ¢ W(z(0)), the expected convergence tim€l,,(z(0))] of AF
is upper bounded bM(%N?’ —1). Furthermore, almost any evolutiarit) starting from
x(0) reaches quantized average consensus.

Proof: By (3), it suffices to boundt[Ty]. Assume that:(0) € W. Before they meet for the
first time, the value® and2A move as two natural random walks which are identicakig in
Proposition 3.1. At their meeting for the first time, the \&dwf0 and2A average and quantized
average consensus is reached. Heiig&y| = M p,,) and thus inequality (3) becomes

BT (z(0)] < 22Oy, < HIEON

where we use Proposition 3.1 in the second inequality. 8ubisy the upper bound o ¢ p.,.)

(2NH(97PSF) - N)7 (4)

in [5] into inequality (4) gives the desired upper boundIgfi,.,(x(0))]. The remainder of the
proofs can be completed by using the property of the/8ét(0)) being absorbing and Markov’s

inequality. We omit the details here. [ |

IV. ASYNCHRONOUS DISTRIBUTED QUANTIZED AVERAGING ON SWITCHINGSRAPHS

We now turn our attention to the more challenging scenarierethe communication graphs
are undirected but dynamically changing. We will proposd analyze armasynchronous dis-
tributed quantized averaging algorithm on switching gragiAss, for short). The convergence
rate of distributed real-valued averaging algorithms oitcdwng graphs in [15] will be employed

to characterize the hitting time of random walks on switghgraphs.

A. Proposed algorithm

The main steps ofAS can be summarized as follows. At tinte let nodei’s clock tick.
If |N:(t)] # 0, node: randomly chooses one of its neighbors, say ngdevith probability
1 . . .
R AOINIGDE Then, node and j execute the computation (1) or (2) and every other node
k € V\{i,j} preserves its current state.|)¥;(¢)| = 0, all the nodes do nothing at this time.

Here, we assume that the communication grégpt) be undirected and satisfies the following
connectivity assumption also used in [3], [11], [15], [17].

Assumption 4.1 (Periodical connectivity): There exists somé&3 € N., such that, for all
t > 0, the undirected graptV, E(t)U E(t+1)U---U E(t + B — 1)) is connected.
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B. The meeting time of two natural random walks on the timeigrgraph G(¢)

Before analyzingAS, we consider the following problem which generalizes thebpm in
Section Il1-B to the case of dynamically changing graphs.

The meeting time of two natural random walks on the time-vagrgiraph G(t). Assume that
G(t) be undirected and satisfies Assumption 4.1. Initially, tokens are placed 0g(0). At

each time, one of the tokens is chosen with probabﬂ;ityThe chosen token at some node, say

7, moves to one of the neighbors, say ngdevith probability max{|N-(t1)| RAGIE if [N:(t)] #0;
% Vg
otherwise, it will stay up with nodeé. What is the meeting time for these two tokens?
Clearly, the movements of two tokens are two natural randornksyasay X; and X5, on

the switching grapti(t). Their meeting time is denoted &g g p,s1)) Where the transition

matrix Pas(t) = (p;;(t)) is given as follows: iflN;(t)| # 0, thenp;;(¢) = Nmax{‘Ml(t)‘7|M(t)‘} for
can easily verify that the matriR,s(¢) is symmetric and doubly stochastic. The natural random

walks X; and X, on the graphG(t¢) are equivalent to a single natural random walk, s&y,
on the product graplg/(t) x G(t). That is, X;; moving from node(i;,i;) € V x V to node
(71,72) € V x V on the graphG(t) x G(t) at timet, is equivalent taX; moving fromi; to j;
and X, moving fromi, to j, on the graphG(¢) at timet. Denote the transition matrix of the
random walkX y; asQ(t) = (q(i, in)(jrjn) (1)) € RN >N,

In the following lemma, we will consider the random wakk,, on the graphG(t) x G(t)
with the absorbing se® and the transition matrixQ(t) € RY**N*. Denotee, ,) by the
row corresponding td/;,/,) € V x V in a N? x N? identity matrix. The transition matrix
Q(t) is defined by replacing the row associated with the absorbtate (/1,/,) € © in Q(t)
With (g, ¢,). Defined g, 1) (t) = B(Xar(t) = (£1,49)), I(t) = CO{Ip, 1) (1)} € RV, Do(t) =
>t tayco Ve 02)(t) for the random walkXyy, and d, ¢, (t) = P(Xu(t) = (b, £a)), O(t) =
CO{ D 4y.00) (1)} € RN, Do (t) = 34, yco Vitra)(t) for the random walkx ;.

Lemma 4.1: Consider a network oV nodes whose communication gra@ft) be undirected
and satisfies Assumption 4.1. Lgt,75) € V x V be a given node and suppose that the random
walks X, and X, start from node(i;,i,) at time 0. Then it holds thatle(t) > Je(t) > 5&
for t > t; wheret, := B(8N®log(v2N) + 1).

Proof: It is not difficult to check thatj(¢) x G() is undirected and satisfies Assumption 4.1
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with period B. The minimum of nonzero entries i@(t) is lower bounded bym, andQ(t)
is symmetric. Observe that for atty;, i2) € V xV and anyt > 0, 3 o yev v Qisia)(ir.ga) () =
Z(jl,jg)e\/xv Pivjr (t)pinQ(t) = Zjle\/ Diijr (t) X ZjQEV Dizjo (t) = 1 where we use the fact that
the matrix Pas(t) is doubly stochastic. Hence, the matfjX¢) is doubly stochastic.

The evolution ofd(t) is governed by the equatiof(t + 1) = QT (¢)d(t) with initial state
9(0) = e(T ,)- Consider the Lyapunov functiov% (0) = fol(ﬂi — )% with Vﬁ (9(0)) =

i1,

1-— ﬁ It follows from Lemma 5 in [15] that
1
1 <(1l— ——— )V
Vg Ok + DB)) < (1= gV, (9(kB)) (5)
for k € N,. Denotel € RY* as the vector ofV2 ones and note that
1 1
Vo (0(t) =V, (00t + 1)) = (9(1) - ml)TU —QQT(1)(W(t) — Nzl

Since Q(t) is doubly stochastic, so iQ(t)Q*(t). Hence, the diagonal entries of the matrix
U(t) =1 —Qt)QT(t) = (v(t)) € RN**N* are dominant in the sense of (t) = D i Vig (1)-
According to Gershgorin theorem in [10], all eigenvalued¢f) lie in a closed disk centered
at max;e(s,... N2}y 7 (t) with a radiusmax;eqy ... 2y vi(t). Hence,I'(t) is positive semi-definite,
and thusvﬁ (¥(t)) is non-increasing along the trajectory #ft). Combining (5) with the non-
increasing property of/ﬁ (9(t)) gives that

e

Vi 00) £V, (000D - b = - i @)

Since ¥(t)"1 = 1, then Vpyn(t) = ming, mevxv ) () < 5. Since Vo (9(t) >
N2
(Jrmin(t) — 1), inequality (6) gives thab, () > 5 — (5t (1 - e )&~1)2. Therefore,

= N2 N2 N-1)
it holds thatd,,,(t) > 5y for ¢t > B(_ll‘fg(ff(szl))) +1). Sincelogz < x — 1, there holds
2N3(N—1)
o — ;< 2N°(N —1) < 2N°. Hence, we have that,;,(t) > 51» and thusde(t) > 5
2N5(N—1)
for t > t.

Note that the evolution of(¢) is governed byd(¢t+1) = Q(¢)T9J(¢) with J(0) = e(;, 4,). Since
the setO is absorbingde(t) > Je(t) for all t > 0 and thus the desired result follows. =
Proposition 4.1: For the problem of the meeting time of two natural random walk the
time-varying graphg (), it holds thatM g p,s ) < 4Nt.
Proof: Denote by H g )xgw),01)(©) the hitting time of the random walk(,, to reach
the set of©. Observe thatMgu).r.s) = Hgwxaw.ow)(©). To find an upper bound on
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Hgxam.0m)(©), we construct the random walk{;"® in such a way thatX|,"** starts
from (iy,iy) at time0 with i; # i, and the se® is the absorbing set QKAZ”? . The transition
matrix of X} is Q(t) defined before Lemma 4.1. Defin! ) (t) = P(X [} () = ({1, (),
and9(2) (t) = col{ﬁgzz)( )} € RV, The dynamics of)(#2)(¢) is given by 92 (¢t +1) =
Q(t)"9t2)(t) with the initial state)2)(0) = ef; .

Define the functlom " ’2 : Ng — {0,1} in such a way tha;ugzl Z; Lif X2 (1) = (4, 6);
otherwise ME? Z;)( ) = 0 Then the hitting imeH ¢ () «a(1 0(.0) (i1, i2), ©) of X{" equals
the expected time thaX 42) stays up with the nodes i x V\@ that is,

Hgwxow.owo(i,i2),0) = > Z/LZZ) Z S owpr (7)

([1 ég)i@ 7=0 7=0 (f1 fg Q@
It follows from Lemma 4.1 thaﬂgl’”)(t) > L for ¢ > ¢;. With that, the fact o)) (1)T1 =

1 implies that

17, 1
D et <1 o ®)
(01,62)¢0©

k’l k:z k/'l k'2

For each(ky, k») ¢ ©, we construct the random walk in such a way thaX ) starts
from (ki, k2) at timet; and the se® is the absorbing set QK](\?’ . The transition matrix of
Xk s Q(e). Defineﬁgzl”f)) (t) = P(X %) (1) = (¢4, 6,)). Following the forgoing arguments
for X\, we have

(ﬁ%@ﬁ G 2t) <1 - % (9)

Combining (8) and (9) gives that

11,8 11,0 (k Jk2)
> 1921 222 )= D, D 19131 132 D)6,y (211)

(@1 EQ %9 (f1 62)¢® (kl k2)¢®
o (1,32) (K1, kz 1 2
= D U D0 g en) <0 - 50 (10)
(k1,k2)¢© (£1,62)¢0©
By induction, we havey, . .o () (nt1) < (1— 55)" and then obtain a strictly decreasing
Sequenced_,, 1,\ze 1952’2))(”751) with respect ton € Z,. Since the se® is absorbing, then

Y eremge Vi) () is non-increasing with respect to> 0. Therefore, we have the following

estimate

11,8 1,0 1 1t
Z 19@11522) Z 19211;2 QN)H :(1_2N)tl : (11)
(£1,02)¢© (el 02)¢0
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Substituting (11) into (7) gives that

“+00
o 1 - 1 1 1
Hg(tyxam.qw.o((i1,i2),0) <> (1 - N P=(1- o) +— (12

7=0 1 - (1 - ﬁ)tl

Sincet; > 1, it holds that(1 — ﬁ)_ﬁ < Qﬁ < 2. It follows from Bernoulli’'s inequality that

(1 L)% < 1— 355 and thus—————

— L SN < 2Nt;. Inequality (12) becomes

1
1-(1-5) "

Hgyxa).Qa).0)((i1,2), ©) < 4Nt. (13)

Actually, inequality (13) holds for any starting time, anyasing node(i;,i5). Thus it holds
that M(g(t)JjAS(t)) = H(g(t)><g(t),Q(t),)(®) < 4Nty. This Completes the pl’OOf. |

C. Convergence analysis &fS

We are now in the position to characterize the convergenapepties ofAS. The quantities
Teon(2(0)) and Ty for AS are defined in a similar way to those in Section III.

Theorem 4.1: Let (0) € RY and suppose (0) ¢ W(z(0)). Assume thatj(¢) be undirected
and satisfies Assumption 4.1. Und&g, almost any evolution:(t) starting fromz(0) reaches
guantized average consensus. Furthern®fg,.,, (z(0))] < 1 BJ(z(0))*N*(8N°log(v/2N)+1).

Proof: The proof is analogous to Theorem 3.1 by using the factlifi&t| = Mg, past))-
[

V. DISCUSSION

Consider a fixed graph?y; with IV vertices consists of a clique aon vertices, including vertex
17, and a path of lengtlv —m with one end connected to one vertiex~ i of the clique, and the
other end of the path being It was shown in [5] that? ;=0 5 ) IS O(N?) wherem, = |25 ].
Let us consider the case that the algoritAiii is implemented on the graptiy® and initial states
2;(0) = 0, z;(0) = 2 andz4(0) = 1 for all k£ # i, j. Observe thai[Teo, (2(0))] = M7 p, .-
From Proposition 3.1, we have tha{7..,(z(0))] is O(N?), that is one order less than the bound
in Theorem 3.1.

Consider switching graphg(t) whereG(t) is the graph.* defined above whehis a multiple
of B; otherwise, all the vertices ig(t¢) are isolated. Random walks @f(t) can be viewed as
time-scaled versions of those drf;°, that is, random walks og(¢) only make the movements

whent is a multiple of B. Let us consider the case that the algoritAsiis implemented on the

October 11, 2009 DRAFT
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graph Ly® and initial states;(0) = 0, z;(0) = 2 andz(0) = 1 for all k£ # i, j. Following the
same lines above, we have that the boundgh,,,(z(0))] is O(BN*) which is N*1log N-order
less than that in Theorem 3.1. One of our future work is findghtér upper bound og(t).
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