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On synchronougsobotic networks — Part Il
Time compl«ity of rendezwous and

deploymentalgorithms

SoniaMartnez Francescdullo Jomge Cortes Emilio Frazzoli

Abstract

This paperanalyzesa numberof basic coordinationalgorithmsrunning on synchronougobotic networks. We
provide upperand lower boundson the time compleity of the move-tavard averageand circumcenterlaws, both
achiezing rendezwous,andof the centroidlaw, achiezing deploymentover a region of interest.The resultsare derived
via novel analysismethods,including a setof resultson the corvergenceratesof linear dynamicalsystemsde ned

by tridiagonal Toeplitz and circulant matrices.

I. INTRODUCTION

Problemmaotivation: Althoughrecentyearshave withessedhe emegenceof numerousoordinationalgorithms
for networked mobile systemsthe fundamentalimits in termsof achiezable performanceenegy consumptiorand
operationaltime remainlargely unknavn. This is partially explainedby the inherentdif culty in integrating the

varioussensinggcomputingandcommunicatioraspect®f problemsinvolving groupsof mobile agentsin this paper
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2 SUBMITTED AS A REGULAR PAPER TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL

we considerthe problem of analyzingthe performanceof several coordinationalgorithmsachiezing rendezous
anddeployment. To this goal, we rely on the generalframenork proposedn the companionpaper[1] to formally
modelthe behaior of robotic networks. Our researcteffort aimsat developingtools andresultsto asses$o what
extent coordinationalgorithmsare scalable andimplementablean large networks of mobile agents Ultimately, we
would like to characterizehe minimum amountof communicationsensingandcontrol thatis necessaryo reliably

perform a desiredtask,and we would like to designalgorithmsthat achieve thoselimits.

Literature review: A surwey on cooperatre mobile roboticsis presentedn [2] andan overview of controland
communicationissuesis containedin [3]. Speci ¢ topics relatedto the presenttreatmentinclude rendezwous [4],
[5], [6], [7], [8], cyclic pursuit[9], [10], deployment[11], [12], swarm aggreation [13], gradientclimbing [14],
ocking [15], [16] andconsensu$l7], [18], [19]. The paperg[20], [21], [10] discusscornvergenceratesof various
motion coordinationalgorithms.Seethe aforementionedvorks for referenceon additional cooperatie stratgies

designedo perform other spatially-distriluted tasks.

Statemenof contributions: The companiorpaper[1] proposes generalframevork to modelrobotic networks
andformally analyzetheir behaior. In particular this work de nes notionsof time andcommunicatiorcompleity
aimed at capturingthe performanceand cost of the execution of motion coordinationalgorithms. Building on
thesenotions,herewe establishcompleity estimatedor variousbasicmotion coordinationalgorithmsthatachieze
rendezwous and deplgyment. First, we analyzea simple averaginglaw for a network of locally-connectedagents
moving on a line. This law is relatedto the widely known Vicsek's model, see[15], [22]. We shawv that this law
achieves rendezous (without preservingconnectiity) andthat its time compleity belongsto ( N) and O(N ®).
Secondfor a network of locally-connectedigentsmoving on a line or on a segment,we shav that the well-known
circumcenteralgorithm by [4] hastime compleity of order ( N). (This algorithm achieves rendezous while
preservingconnectvity with a communicationgraphwith O(N 2) links.) We then considera network basedon a
differentcommunicationgraph,called the limited Delaunaygraph,that arisesnaturallyin computationafjeometry
and in the study of wireless communicationtopologies.For this less densegraph with O(N) communication
links, we shaw that the time compleity of the circumcenteralgorithmgrows to ( N2logN). For a network of
agentsmoving on RY (with a certaincommunicatiorgraph)we introducea novel “parallel-circumcentealgorithm”

and establishits time compleity of order ( N). Third and last, for a network of agentsin a one-dimensional
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ervironment,we shav that the time compleity of the deploymentalgorithmintroducedin [11] is O(N 2 logN).
To obtainthesecomplexity estimatesye develop somenovel analysismethodslin particular we develop a key set
of resultson linear dynamicalsystemsde ned by tridiagonal Toeplitz and circulantmatricesthat characterizeheir
convergenceratesas a function of the matricesdimensions.

Organization: Sectionll briey reviews the generalapproachto the modelingof robotic networks proposed
in [1], presentinghe notionsof controlandcommunicatiodaw, coordinationtasksandtime compleity. Sectiondl|
and IV de ne the rendezwus and deployment coordinationtasks, respectiely, and presentvarious coordination
algorithmsthatachieze them.For both problemswe establisithe asymptoticcorrectnessf the proposedalgorithms,
andcharacterizg¢heir time compleity. Finally, we presenbur conclusionsgn SectionV. In the appendixwe review
somebasiccomputationalgeometricstructuresemplo/ed along the discussion.

Notation: We let BooleSet bethesetftrue ;false g. Welet Qizf 1N g S denotethe Cartesiarproduct
The setof positive naturalnumbersis denotedby N and Ny denotethe setof non-ngjative integers.If S is a set,
thendiag(S S)=f(s;s)2 S Sjs2 Sg. Forx 2 R, we let bxc denotethe oor of x. For x 2 RY, we denote
by kxk, andkxk; the Euclideanandthe 1 -norm of x, respectrely. Recall that kxk; kx ko P dkxk; for

all x 2 RY. Forx 2 RY andr 2 R, , we let B(x; r) andB(x; r) denotethe openandclosedball in RY centeredat

0=(0;::::07 andl = (1;:::;1)T inRY. Forf;g: N! R, wesaythatf 2 O(g) (respectiely, f 2 ( g)) if
thereexist Ng 2 N andk 2 R, suchthatjf (N)j Kkjg(N)j for all N N (respectrely, jf (N)j  Kkjg(N)j for
allN  Np). If f 2 O(g) andf 2 ( g), thenwe usethe notationf 2 ( g). We referthereaderto Appendix| for
someuseful geometricconcepts Finally, we will usethe notationTrid y (a; b;c), Circy (a; b;c) and ATrid (a;b)

to refer to varioustridiagonal Toeplitz and circulant matricesas introducedin AppendixA of [1].

[I. SYNCHRONOUS ROBOTIC NETWORKS

The companionpaper[1] proposesa formal model for robotic networks, and de nes notions of control and
communicationlaws, coordinationtasks,and time and communicationcomplity. For the sale of completeness,

we presentheresimpli ed versionsof thesenotions.

De nition 1.1 A uniform network of robotic agents(or robotic network) S is a tuple (I ; A; Ecmm) consistingof
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(i) A = fAllg,,, with Alll = (X;U; X;f), is a setof identical control systemsthis setis called the set of
physical agents
(i) Ecmm is @ map from Qm X to thesubsetf | | ndiag(l 1); this mapis called the communication

edgemap

De nition 1.2 A (synchronousstatic,uniform, feedback)controlandcommunicatiodaw CC for S consistsof the

sets:

() T=ftgon, R+ isanincreasingsequencef time instants,called communicationschedule
(i) L is a setcontainingthe null element,called the communicationlanguage elementsof L are called

messages
and of the maps:

(i) msg T X |I! L iscalled message-generatidonctior

(i) ct:Ry X X LN U,i2l,is called control function

A control and communicationlaw CC is said to be time-independenif the message-generaticand control

functionsareof theformmsg: X 1! L andctl: X X LN I U, respectrely.

De nition 11.3 Theevolution of (S; CC) frominitial conditionsx}! 2 X 1,i 2 1, is thesetof curvesxil” : [t-;t-,; ]!
X,i21, 2 Ng satisfying
whee, for ~ 2 Ng, andi 2 |,

K (1) = X1 1ty

with the conventionxl' 1(to) = xU!. Here, the functionyll: T1 LN (describingthe messgesreceivedby agent

i) hascomponentsyj“](t), forj 2 1, givenby

yi(t) = msgt; XU (e );i)
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Remarks 1.4 (Related conceptsand notations) To distinguishbetweenthe null andthe nonnull messages
receied by an agentat a given time instant, it is corvenientto de ne the natural projection | : LN I 2t that
mapsan array of messagey to the subsetof L containingonly the nonnull messagef y.

In mary uniform control and communicationlaws, the messagesnterchangedamongthe network agentsare
(quantizedrepresentationsf) the agents'statesThe correspondingommunicatiolanguagds L = X andmessage
generationfunctionmsg,;: T X | ! X is referredto as the standad messge-geneation function and is

de ned by msg(t; x;j) = x.

Let us now introducesomeuseful examplesof robotic networks. We start with a fairly commonexampleand

de ne someinterestingvariations.

spaceRY, d 1, obeing a rst-order dynamicsx[l(t) = ulll(t). Theseare identical agentsof the form A =

r, thatis, adoptas communicationedgemap the r-disk proximity edgemap E g4isk de ned in Appendix|. These

datade ne the uniform robotic network S« rodisk = (1';A; Er gisk) -

Example 1.6 (LD-connected rst-order agentsin R?) Considerthe setof physicalagentsde ned in the previous

example.For r 2 R, , recallfrom Appendix| ther-limited DelaunaymapE,_ p de ned by

robotic network Sga = (1; A Er.ip).
Example 11.7 (Locally-1 -connected rst-order agentsin RY) Considerthe setof physical agentsde ned in the
previous two examples.For r 2 R, , de ne the proximity edgemapE;.1 .gisk by
(i:j) 2 Era kXM xIND if andonly if  kx? x0lk, ;i 6j:
Thesedatade ne the uniform robotic network Sga . 1 g = (1T AT Er-1 -disk) -

In orderto analyzethe performancef a communicatiorandcontrollaw, we rst de ne the notionof coordination

task,and of task achiezementby a robotic network.
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De nition 1.8 (Coordination task) Let S be a robotic network. A (static) coordinationtask for S is a map
T: Qm X011 BooleSet . Additionally, let CC a control and communicationiaw for S. Thelaw CC achieves
the task T if for all initial conditionsxg] 2 Xg], i 2 1, the correspondingnetworkevolutiont 7! x(t) hasthe

propertythat there exists T 2 R, sud that T(x(t)) = true forallt T.

The notionsof time and communicatiorcompleity describethe performanceand costof a control and commu-

nicationlaw completinga certaincoordinationtask. Here,we focus on time compleity.

De nition 1.9 (Time complexity) Let S be a robotic network,let T be a coodination taskfor S and let CC be

a contol and communicatiorlaw for S.
(i) Thetime compleity to achiere T with CC from xq 2 Qm Xg] is
TC(T;CC;xg) = inf ™ j T(x(tx)) = true ; forallk °g;

wheet 7! (x(t)) is the evolution of (S; CC) from Xg.

(i) Thetime compleity to achiee T with CC is
n Y 0
TC(T;0C) = sup TC(T;CCixo) jx02 XL :
i21
(i) Thetime compleity of T is
TC(T)=inff TC(T; CC) j CC achievesTg:

I1l. RENDEZVOUS

In this section,we introducerendezwus coordinationtasksand analyzevarious coordinationalgorithmsthat
achieve them, providing upperand lower boundson their time compleity. Along the section,we will considerthe

networks Sga | _gisx @Nd Sge |, presentedn Examplell.5 and Examplell.6, respectiely.

A. Rendezvoutasks

First,letS = (I ;A; Ecmm) beauniformrobotic network. The (exact) rendezvousask Tingvs: XN | BooleSet

for S is the statictaskde ned by g
gtrue o if x0T = x0T for all (i; j) 2 Eqmm(X™M; 2205 xIND);
3

T false ; otherwise
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SecondJet S= (I;A; Ecmm) be a uniform robotic network with agents'statespaceX  RY. Examplesnetworks
of thisform areSga |_y5» SE€EXampled1.5 andlll-B, andSga |, 5, seeExampled|.6. For" > 0, the"-rendezvous

task T_mdzvs: XN 1 BooleSet for S is de ned by T-_nndX) = true if andonly if
X! avrg ExMg[ X0 (1) 2 Eeanml)g <

foralli 2 1. Herex = (xM;::::xINly 2 XN (RN . In otherwords, T-.mazs is true  atx 2 (RN if, for all

i 2 1, xll is at distancelessthan" from the averageof its own positionwith the position of its E cmm-neighbors.

B. Rendezvouwithout connectivityvia the move-towad-aveilge contol and communicatiodaw

From Examplell.5, considerthe uniform network Sga g Of locally-connectedrst-order agentsin R?. We
now de ne a static, uniform and time-independenlaw that we refer to as the move-tovard-averagelaw and that

we denoteby CCyg. We loosely describeit asfollows:

[Informal description] Communicationroundstake place at eachnaturalinstantof time. At eachcom-
municationround eachagenttransmitsits position. Betweencommunicationrounds,eachagentmoves
towardsandreacheghe point thatis the averageof its neighbors'positions;the averagepointis computed

including the agents own position.

Next, we formally de ne the law asfollows. First, we take T = No and we assume&hat eachagentoperateswith
the standardnessage-generatidanction,i.e.,we setL = RY andmsgx; j) = msg(x; j) = x. Secondwe de ne

the control functionctl: R R4 LN 1 RY py

ctl(x; Xsmpld y) = kprop vers x avrg(y [ fxsmpltg) ;

whereKkpp I, Vers: R 1 RY s de ned by verg0) = 0 andvers(v) = v=kvk, for v 6 0, andthe map avrg
computeshe averageof a nite point setin RY:
1 X

avrg(S) = —X%—— p:

p2 Rr(S)
p2 Rr(S)
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In summarywe set CCqrg = (No; RY; msg,; ctl). An implementationof this control and communicationlaw is
shavn in Fig. 1 for d = 1. Note that, alongthe evolution, (1) severalagentsrendezvous.e., agreeupona common
location, and (2) someagentsare connectedat the simulations beginning and not connectedat the simulations

end. Finally, we remarkthat this law is relatedto the Vicsek's modeldiscussedn [15], [22].

P N W N OO
T
1

P N W P> OO

Fig. 1. Evolution of a robotic network underthe move-tovard-averagecontrol and communicationlaw in Examplelll-B implementedover
the r-disk graph,with r = 1:5. The vertical axis correspondso the elapsedime, and the horizontalaxis to the positionsof the agentsin the

realline. The 51 agentsareinitially randomlydeplo/ed over the interval [ 15; 15].

The next resultcharacterizeshe compleity of this law.

Theorem Ill.1 For d = 1, the network Sy« © -disk? the law CCurg, and the task Tingzys Satisfy TC (Tindzvs CCang) 2

O(N®) and TC(Tingzvs CCarg) 2 ( N).

Proof: Onecaneasily prove that, alongthe evolution of the network, the orderingof the agentsis presered,
i.e.,if x(1C)  xU1(), thenx(1C + 1)  xUIC + 1). However, links betweenagentsare not necessarilypresered
(seee.g.Figurel). Indeedconnectedcomponentsnay split alongthe evolution. However, megingsarenot possible.
Considertwo contiguousconnecteccomponentsC; and C,, with C; to theleft of C,. By de nition, the rightmost
agentof C; andthe leftmostagentof C, areat a distancestrictly biggerthanr. Now, by executingthe algorithm,
they canonly but increasethat distance,sincethe rightmostagentof C; will move to the left, and the leftmost
agentof C, will move to the right. Therefore,connecteccomponentsio not mege.

Consider rst the caseof an initial con guration of the network for which the communicationgraph remains
connectedthroughoutthe evolution. Without loss of generality assumethat the agentsare orderedfrom left to

right accordingto their identi er, thatis, x1(0) = (x¢)1 xIN1(0) = (xo)n. Let 2 3;:::;Ng have the
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propertythatagentsf 2;:::; 1g are neighborsof agentl, andagent is not. (If insteadall agentsare within
anintenal of lengthr, thenrendezousis achiezed in 1 time instant,and the statemenin theoremis easily seen
to be true.) Note that we canassumethat agentsf2;:::; 1g are also neighborsof agent . If this is not the
casethenthoseagentsthat are neighborsof agentl andnot of agent , rendezeouswith agentl at the next time

instant. At the time instant™ = 1, the new updatedpositionssatisfy

1 X1 h]_X [
M= — XMy g2z = Mo; 5 212050 19
k=1 k=1

where denotescertainunimportantpoint.

Now, we shawv that

xHe 1) xH) ﬁ: 1)

Let us rst showv the inequality for = 3. Note that the fact that the communicationgraph remainsconnected
impliesthatagent2 is still a neighborof agentl atthetime instant™ = 1. Thereforex¥(2) ~ Z(x!(1) + x4 (1)),

and from herewe deduce

x4 (2) x [ (0) x[2 (1) x4 (0)

xM©) + xZ(0) + xBl©)  xH(0) xBl©) xM(0)

NI Nl
Wl =

r-
5

ol =

Let us now proceedby induction. Assumethatinequality (1) is valid for 1, andlet us prove it for . Consider

rst the possibility when at the time instant™ = 1, the agent 1 is still a neighborof agentl. In this case,

P
xW@2) L 'xK(1), andfrom herewe deduce
W [ 1 a1 [ 11X o
W) xE) o x M) Ko 1T XM x)
k=1
N l0)y xM) :
( 1 ( 1

which in particularimplies (1). Considerthenthe casewhenagent 1 is not a neighborof agent1 at the time
instant™ = 1. Let < suchthatagent 1 is aneighborof agentl at™ = 1, but agent is not. Since <

we have by inductionx¥( )  xM(1) 1y From here,we deducethatx™( 1) xM(0) -

Inequality (1) impliesthat, at mostin 1 N 1timeinstantstheleftmostagenttraversesa distancegreater

than or equalto ) (provided that at eachstepthereexists at leastanotheragentwhich is not its neighbor).

o
N (N
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Sincediam(xg;1) (N  1)r, we deducethatin N(N  1)2 time instantstherecannotbe ary agentwhich is not

a neighborof the agentl. Hence,all agentsrendezwus at the next time instant. Consequently
TC( dezvs; CCa/rg; XO) N (N 1)3 + 1

Finally, for a generalinitial con guration Xg, becausehereare a nite numberof agents,only a nite number
of splittings (at mostN 1) of the connectedcomponentf the communicationgraph can take placealongthe
evolution. Therefore we concludeTC (Tindzvs CCarg) = O(N 9.

Let us now prove the lower bound.Consideran initial con guration xo 2 RN whereall agentsare positioned
in increasingorder accordingto their identity, and exactly at a distancer apart,say (Xo)i+1 (Xo)i = r, 1 2
f1,:::;N 1g. Assumefor simplicity that N is odd - when N is even, one canreasonin an analogousway.
Becausef the symmetryof theinitial condition,in the rst time step,only agentsl andN move. All theremaining
agentsremainin their position becauset coincideswith the averageof its neighbors'position and its own. At

the secondtime step,only agentsl, 2, N 1 andN move, andthe othersremainstill becauseof the symmetry

. . . . . . N l N 3 . .
Applying this idea iteratively, one deducesthe time stepwhen agents™>= and 3= move for the rst time is
lower boundedby N-. Sinceboth agentshave still at leasta neighbor(agent® 1), the task Trngzvs hasnot been

achieved yet at this time step. Therefore, TC (Tndzvs CCarg; X0) % andthe resultfollows. [ |

C. Rendezvouwith connectivityconstaint via the circumcentercontrol and communicatioraw

Here we de ne the circumcentercontrol and communicationlaw CCecmentr for both networks Siq 1 -disk and
Sge rLp- Thisis a uniform, static, time-independentaw originally introducedby [4] and later studiedin [6], [7].
Loosely speaking,the evolution of the network underthe circumcentercontrol and communicationlaw can be

describedas follows:
[Informal description] Communicationroundstake place at eachnaturalinstantof time. At eachcom-
municationround eachagentperformsthe following tasks: (i) it transmitsits position and receves its
neighbors'positions;(ii) it computeghe circumcenternf the point setcomprisedof its neighborsand of
itself, and (iii) it movestoward this circumcentemwhile maintainingconnectity with its neighbors.
Let us presentthis descriptionin more formal terms.We setT = No, L = RY, andmsd'l = msg,,, i 2 I.

In orderto de ne the control function, we needto introducesomepreliminary constructionsFirst, connectvity is
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maintainedby restrictingthe allowable motion of eachagentin the following appropriatemanner If agentsi and

j areneighborsattime ~ 2 Ng, thenwe requiretheir subsequenpositionsto belongto §(w; 5). If an

agenti hasits neighborsat locationsfqs;:::;gg attime °, thenits constaint setD,iiy, (fau;:::5g0) is
Vo xIC)+qr
Dyirgyy (Fon;:i15g0) = B %;E :
q2f qu;iang

Secondjn orderto maximizethe displacementoward the circumcenteiof the point setcomprisedof its neighbors
and of itself, eachagentsolvesa corvex optimizationproblemthat canbe statedin generalasfollows. For ¢y and
¢ in RY, andfor a corvex closedsetQ RY with ¢p 2 Q, let (go;1; Q) denotethe solution to the strictly
corvex problem:

maximize

subjectto L1 Hp+ g120Q:
Under the statedassumptionghe solution exists and is unique.Third, note that sincethe agentsoperatewith the
standardmessage-generatidanction, it is clearthatthe naturalprojection g« mapsthe messagesll(*) receved
attime ™ 2 Ng by theagent 2 | ontothe positionsof its neighborsWe arenow readyto de ne thelastconstitutve

elementof CCerement D€ Ne the control functionctl: R R4 LN 1 RY by
Ctl(X; Xsmpldh Y) = (Circum( gra(Y) [ fXsmpid®)  Xsmpid) 5 (2
with = (Xsmpig; (Circum (' ga (Y) [ fXsmpidd); Dxepar ( re (Y))) - EVolving underthis controllaw, it is clearthat,

attime btc+ 1, eachagenti reacheghe point (1 xUl(btc) +  Circum( ga(yll(btc)) [ fxl1(btc)g).

Next, we considerthe network S;.; _gisk Of locally-1 -connectedrst-order agentsin R, seeExamplell.7. For
this network we de ne the parallel circumcentedaw, CCj.crements DY designingd decoupledcircumcenterdaws
runningin parallelon eachcoordinateaxis of RY. As before, this law is uniform, static and time-independentAs

before,we setT = Np, L = RY, andmsd'l = msg,,, i 2 | . We de ne thecontrolfunctionctl: R RY LN I Rd

by
cti(x; Xsmplds y) = Circum( 1(M)) l(xsmpld); .21 Circum( g(M)) d(xsmpld) , 3

whereM = ga(Y) [ fXsmpi®, and 1;:::; g RY I R denotethe canonicalprojectionsof RY onto R. See

Fig. 2 for anillustration of this law in R?.
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Fig. 2. Parallel circumcentercontrolandcommunicatiodaw in R2. The target point for the agenti is plottedin light gray andhascoordinates

(Circum( 1 (M 1)) Circum ( 2(M [iy)).

Asymptoticbehavior and compleity analysis: The following theoremsummarizesthe results known in the

literatureaboutthe asymptoticpropertiesof the circumcentedaw.

Theorem I11.2 (Correctnessof the circumcenterlaw) Ford2 N, r 2 R, and" 2 R, , the following statements

hold:

(i) on the networkSg« 1 disk’ the law CCqrementr achievesthe exact rendezvousask Tingzvs
(if) onthe network Sga D the law CCqrcmentr achievesthe "-rendezvous$ask T- _ndzvs
(iif) on the network Sga -1 disks the law CCyii.crementr achievesthe exact rendezvousask Trngzvs
(iv) the evolutions of (Sge  gigks Clorementds OF (Sga ;b5 Clerement), @nd of (Sga | 3 _gisks Copli-crement) have the
propertythat, if two agentsbelongto the sameconnecteccomponenbf the communicatiorgraphat ™ 2 No,
thenthey continueto belongto the sameconnectedcomponenbf the communicatiorgraphfor all subsequent

timesk
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Proof: Theresultson S, _g4isk appearedriginally in [4]. The proof for the resultson S, p is providedin [7].

We postponethe proof for S;.1 _gisk to the proof of Theoremlll.3 below. [ |
Next we analyzethe time compleity of CCqremente We provide completeresultsfor the cased = 1. As we
seenext, the compleity of CCqrementr differs dramaticallywhen appliedto the two robotic networks with different

communicationgraphs.

Theorem 111.3 (Time complexity of circumcenterlaw) Forr 2 R, and" 2]0; 1, the following statement$old:

(i) for d= 1, onthe networkSgy.disk, TC( Trndzvs Clorementd) 2 ( N);
(i) for d= 1, on the networkSgr-.p, TC(T(r")-mdzvs Clorement) 2 ( N2log(N" 1));

(i) for d2 N, onthe networkSgs , 1 gigrr TC (Tidzvs Clpit-crement) 2 ( N).

Proof: Letxg 2 RN . Throughouthe proof, neighboringrelationshipsareunderstoodvith respecto ther -disk
graph.First of all, let us shav that, for n = 1, the connectvity constraintson eachagenti 2 | imposedby the
constraintsetD, 1., ( r(Y))) aresuper uous,i.e., the solutionof the corvex optimizationproblemis = 1 (cf.
equation(2)). To seethis, assumehatagents andj areneighborsat time instant™, de ne M [l as e (Y1) [
fxl1(*)g, andlet usshaw thatCircum(M ['1) belongsto §(M; %). Without lossof generalitylet xI'!(")
xU1(). Let x[i](‘), XE](‘) denotethe positionsof the leftmostandrightmostagentsamongthe neighborsof agenti.
Notethatx(1(")  x01(")  xU(") andCircum(M 1) = 1(x"(") + xU)()). Then,

Circum(M 1) J(10) + x0I0) = 2610y xI0) + x0)  xUI0)
Smaxix0) xPOERIC) OO 5
> X5 >

as claimed. Therefore,we have that xi1(* + 1) = Circum(M [1). Likewise, one can deduceCircum(M [
Circum(M U1y, andtherefore the order of the agentsis presered.
Consider rst the casewhen E, gisk(Xo) is connectedWithout loss of generality assumethat the agentsare
orderedfrom left to right accordingto their identi er, thatis, x¥(0) = (xo)1 xINI(0) = (xo)n. Let
2 £3;:::;Ng have the propertythat agentsf2;:::; 1g are neighborsof agentl, and agent is not. (If
insteadall agentsarewithin aninterval of lengthr, thenrendezwousis achieredin 1 time instant,andthe statement
in theoremis easily seento be true.) SeeFig. 3 for anillustration of thesede nitions. Note that we canassume

thatagents 2;:::; 1g arealsoneighborsof agent . If thisis not the case thenthoseagentshatareneighbors
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\ x1() v xt 1oy xL1(0) '
\ \ 1
\\ \ // //
\\ N /l V2
\\\ /z> S o - 4
Fig. 3. Denition of 2 f3;:::;Ng for aninitial network con guration.

of agentl andnot of agent , rendezouswith agentl at the next time instant.At the time instant™ = 1, the new
updatedpositionssatisfy

xH ) + xL1(0) xM )+ x' 1) +r
2 ' 2 '

xW() + xt ()

x() = >

xl (1) 2 2f2:::; 1g:
Theseequalitiesimply thatxt(1) xM©) = 3 xI H©) x1(0) 3r. Analogously we deducex!¥(2)
xM(1)  ir, andtherefore

xM@)  xMo) r: (4)

Ontheotherhand fromx™(2) 2 1 x[t(1) + xl (1) ; (wherethesymbol represents certainunimportant

pointin R), we deducethat

xM@2)  xMo) %x[1](1)+x[ Ya)y  xM) %x[ Ty xto)
1 xBO)+x10) gy o1 01 1
55— XU(O0) =7 x (0 xH(O) gr: ®)

Inequalities(4) and (5) meanthat, after at mosttwo time instants,agentl hastraveled an amountlarger thanr=4.

In turn this implies that

diam(xo; | 4diam(xog; |
# TC (Trndzvs; Cccrcmcntr; XO) # :

If Er_gisk(X0) is not connectednotethatalongthe network evolution, the connecteccomponent®f ther-disk graph
do not change.Therefore,usingthe previous characterizatioron the amounttraveled by the leftmostagentof each
connecteccomponenin at mosttwo time instants,we deducethat
1
r

max diam(xo; C)  TC(Trndzvs CCerements Xo)
C2Ce g (Xo0)

=1

max  diam(xg;C):
C2Ce, gg(Xo0)
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Note that the connectednessf eachC 2 G, .. (Xo) implies that diam(xg; C) (N Dr, and therefore

r -disl
TC (Tindzvs Clerement) 2 O(N). Moreover, for xo 2 RN suchthat (xo)isa  (Xo); = r, i 2 f1;:::;N  1g,
we have diam(xp;1) = (N  1)r, andthereforeTC(Timgzvs Clerements Xo) N 1. This concludesthe proof of

fact (i):
TC(Tndzvs Clerement) 2 ( N):

Next we prove fact (ii). In the r-limited Delaunaygraph,two agentson the line that are at mostat a distancer
from eachotherare neighborsif andonly if thereare no otheragentsbetweenthem. Also, note that the r -limited
Delaunaygraphandther -disk graphhave the sameconnecteccomponentgcf. [12]). Using an argumentsimilar to
the oneabove, onecanshav thatthe connectity constraintdimposedby the constraintsetssetD i picyr ( R(Y)))
are again super uous.

Considerrst the casewhenE; . p(Xg) is connectedNote thatthis is equivalentto E, _gisk(Xo) beingconnected.
Without loss of generality assumethat the agentsare orderedfrom left to right accordingto their identi er, that
is, x[1(0) = (xo)1 xIN1(0) = (xo)n . The evolution of the network under CCerement canthen be described

asthe discrete-timedynamicalsystem
W~ = Lomey g 2y 2 = Lomey s By
X(+1)—§(X()+X()), X(+1)—§(X()+X()),...,
pn A = %(x[” AC)+xMCy; M+ = %(x[“ 1)+ XN -

Note that this evolution respectshe orderingof the agents.Equivalently we canwrite x(* + 1) = Ax("), where

A istheN N matrix given by

2 3
I 1 0 0
; 0 3 0
L0 3 0} 07
0 =: =t 3 0 3
o ::: 0 3 1%

Note that A = ATridy, %;O asdened in [1, Appendix A]. TheoremA.4(i) in [1] implies that, for Xae =

NilTx(O), we have that lim-; +1 X() = Xael, and that the maximumtime requiredfor kx(') ~ Xael ,
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16 SUBMITTED AS A REGULAR PAPER TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL

kx(0) Xaelks (overall initial conditionsx(0) 2 RN)is NZlog ! . (As anaside,this alsoimpliesthatthe

agentsrendezwus at the location given by the averageof their initial positions.In other words, we can forecast
the asymptoticrendezous position for this case,asopposedo the casewith the r-disk communicationgraph.)

Next, let us corvert the contractioninequality on 2-normsinto an appropriateinequalityon 1 -norms.Note that

diam(xp;1) (N 1)r becauseE, p(Xo) is connectedTherefore
kx(©) Xaelky = maxix(0) xae XG0 (N D

For * of orderN?log !, we usethis boundon kx(0) Xaelk: and the basicinequalitieskvky kvka

P Nkvk; for all v2 RN, to obtain:
. . p_— p_
kx(")  Xaelk: kx(")  Xaelks kx(0) Xaelks Nkx(0) Xaelks N(N Dr:

Thismeanghat(r")-rendezwousis achievedfor pW(N 1)r = r", thatis,intimeO(N?log %) = O(N2log(N" 1)).

Next, we shav the lower bound. Considerthe unit-length eigervectorvy = ﬁ(sin NFLo .- sin N_)T 2

RN of Tridy 1(%;0; 1) correspondingo the largest singular value cos(y). This vector is an eigervector of

Tridn 1(%;0; %) corresponéjingo éhe largest singular value cos(y). For = l—opl—irNSZZ, we then de ne the

VN 1
(X0)ae = 0, andthat maxf(xo)i+1 (Xo)i j i 2 f1;:::;N  1gg r. Using [1, LemmaA.5] and because

kwk;  kwks P Nkwk, for aél w2 F;N , we compute

ook = Mo p § 07 M p 80T N s N
T i 1 102 2 102 N TT 102

VN 1 VN 1

The trajectoryx(’) = (cos(ﬁ))‘xo thereforesatis es

’ rN
kx(T)k,; = — kxok — —
X(")ky cos Xok1 Ep—z cos

Thereforekx(*)k; is largerthan 3r" solong as -b>N (cos(i)) > 3", thatis, solong as

. log" 'N) logs" ).
log coy) '

The restof the proof is analogoudo the one of TheoremA.3(i) in [1] for the lower boundresult.
If E;.Lp(Xp) is not connectednote that alongthe network evolution, the connecteccomponentsio not change.

Therefore the previous reasoningcanbe appliedto eachconnectedcomponentSincethe numberof agentsn each
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connectedcomponentis strictly lessthat N, the time complity can only but improve. Therefore,we conclude

that

TC (dezvs; CCcrcmcntr) 2 ( N 2 IOQ(N " 1)) :

This completegthe proof of fact (ii).
Finally, we prove the statementsegarding Sge , ; ik @nd Clyli-crementr iN fact (iii) andin the previous Theo-
remIll.2. By de nition, agents andj areneighborsattime ™ 2 Ng if andonly if kx[1(")  xUI()ky  r, which

is equivalentto
J kOO BIC)] 1y k21 dg:

Recall from the proof of fact (i) thatthe connectiity constraintsof CCqiementr ON €achagentaretrivially satis ed
in the 1-dimensionalcase.This fact hasthe following importantconsequencerom the expressionfor the control
function in CCyii.crements W€ deducethat the evolution under CCyj.crementr Of the robotic network SRre 11 _disk (ind
dimensions)can be alternatvely describedas the evolution under CCqrcmentr Of d robotic networks Sgr.gisk in R.

The correctnessndthe time compleity resultsnow follows from the analysisof CCqrementrat d = 1. [ |

Remark 111.4 Theoremlll.3 inducesa lower boundon the time communicationcompleity of the circumcenter

law for the higherdimensionalcase.Indeed,as a consequencef this result,we have

(i) ford2 N, on the network SR,f-diSka TC (Trndzvé Cccrcmcntl) 2 ( N );

(i) for d2 N, on the network Sgy.ip, TC (T(r")-mdzvé CCerement) 2 ( N 2 log(N" l))

We have performedextensie numericalsimulationsfor the cased = 2 and the network Sga | _y- We have ran
the algorithm starting from genericinitial con gurations (where,in particular agents'positionsare not aligned)
containedin a boundedregion of R%. We have consistentlyobtainedthat the time compleity to achieve Tyngzvs
with CCqrementr Starting from theseinitial con gurations is independenbof the numberof agents.This leadsus
to conjecturethat, in fact, initial con gurations where all agentsare aligned (i.e., the 1-dimensionalcase)give

rise to the worst possibleperformanceof the algorithm. In more formal terms, we conjecturethat, for d 2,

TC (Tindzvs Clerement) = ( N).
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IV. DEPLOYMENT

In this section,we introducethe deploymentcoordinationtaskandanalyzea coordinationalgorithmthat achieres
it, providing upperand lower boundson its time compl«ity. Along the section,we considerthe uniform robotic
network Sga | presentedn Examplell.6 with parameter 2 R, . We assumewe are given a corvex simple
polytopeQ  RY, with an integrable densityfunction : Q ! R.. We assumethat the initial positionsof the

agentsbelongto Q andwe intendto designa control law that keepsthemin Q for subsequentimes.

A. Deploymentask

By optimal deploymenton the corvex simple polytopeQ  RY with densityfunction : Q! R, we mean
the following objective: placethe agentson Q so that the expectedsquareEuclideandistancefrom ary pointin Q
to one of the agentsis minimized. To de ne this taskformally, let us review someknown preliminary notions;we
will requiresomecomputationafgeometricnotionsfrom Appendix|. We considerthe following network objective

function Hgepimnt QY ! R,

Hoepmn(x;::5ix M) = minkg  xkG (q)da: (6)
Q I

This function and variationsof it are studiedin the facility location and resourceallocation researchliterature;
see[23], [11]. It is corvenient[12] to study a generalizatiorof this function. For r 2 R, , de ne the saturation
functionsat; : R! R by sat (x) = x if X r andsat (x) = r otherwise.For r 2 R, , de ne the newv objective

Hiaepmn(x(:::x M) = minsat; (kg xiG) (@)da: )
1

@gﬁf?lmm(x[”;:::;x['ﬂ) = 2MasgvI\ B(x[1;5))  Centroid (VI B(xUL; 5)) X1 iz
(Here, as in Appendix I, MasgS) and Certroid (S) are, respectiely, the massand the centroidof S RY.)
Clearly, the critical points of H  _gepimnt are network stateswherex!! = Certroid (V[1\ B(x['l; 5)). We call such

con gurations 5-centroidalVoronoi con gurations.For r - 2diam(Q), they coincidewith the standardcentroidal

Voronoi con gurationson Q. Fig. 4 illustratesthesenotions.
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Fig. 4. Centroidaland rE-centroidaIVoronoi con gurations. The densityfunction is depictedby a contourplot. For eachagenti, the set

VI B(p;; §) is plottedin light gray.

Motivated by these obsenrations, we de ne the following deployment task. For r;" 2 R., dene the "-r-

deploymentask T+ gepmnt: QN ! BooleSet by
8

Etrue ;if xU1 - Centroid (VII\ B(xI5)) , % foralli2 1
Ty -deplmn(x) =

3

- false ; otherwise.

T ¢ depimn{X) = true if andonly if
xl1 - certroid (VI B(xM; %)), * foralli21:

Roughly speaking,T-.; gepimnt iS true  for thosenetwork con gurations where eachagentis sufciently closeto

the centroidof an appropriateregion VII\ B(x[; §).

B. Centoid law
To achieve the" -r -deploymenttaskdiscussedh ExamplelV-A, we de ne thecentioid controlandcommunication
law CCeentrg This is a uniform, static, time-independentaw studiedin [11], [12]. Loosely speakingthe evolution
of the network underthe centroidcontrol and communicationaw canbe describedasfollows:
[Informal description] Communicationroundstake place at eachnaturalinstantof time. At eachcom-
municationround eachagentperformsthe following tasks: (i) it transmitsits position and receves its

neighbors'positions;(ii) it computeshe centroidof an appropriateregion (the region is the intersection
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betweenthe agents Voronoi cell and a closedball centeredat its position and of radius 5), and jii) it
moves toward this centroid.
Let us presentthis descriptionin more formal terms.We setT = N, L = RY, andmsd'! = msg,, i 2 I. We

de ne the control functionctl: R RY LN 1 RY by
Ctl(X; Xsmpic Y) = Centroid (X)  Xsmpid;

whereX = Q\ B(Xsmpig 5)\ \ p2 ¢ (y)Hxempgp  @NAHx6p iSthehalf-spacd g2 RY j kg Xsmpike kg pkag.
Onecanshav that QN is a positively-invariantsetfor this control law.

The following theoremon the centroid control and communicationlaw summarizeshe known resultsabout
the asymptoticpropertiesand the novel resultson the compleity of this law. In characterizingcompleity, we
assumediam(Q) is independenbf N, r and", andwe do not calculatehow the boundsdependon r. As for the

circumcentefdaw, we provide completetime-compleity resultsfor the cased = 1.

Theorem IV.1 (Time complexity of centroid law) For r 2 R, and" 2 R., considerthe networkSga | , With
initial conditionsin Q. Thefollowing statement$old:
(i) for d2 N, thelaw CCeentrg achievesthe "-r-deploymentask T-_; .gepimng

(ii) ford=1land =1, TC(T"—r—depImmi cx:centrd) 2 O(N E Iog(N " 1))

Proof: Fact(i) is provedin [12] for d 2 f1;2g andit is clearthatthe sameproof techniquecanbe generalized
to ary dimension.In what follows we sketch the proof of fact (ii). For d = 1, Q is a compactinternval on R, say
Q=1[g ;0]

We startwith a brief discussioraboutconnectvity. Note thatin the r-limited Delaunaygraph,two agentson the
line that are at mostat a distancer from eachotherare neighborsif andonly if thereareno otheragentsbetween
them. Additionally we claim that, if agentsi andj are neighborsat time instant”, then j Certroid (X [1(*))
Certroid (XU1(*))j  r. To seethis, assumewithout loss of generalitythat x01(") ~ xUI("). Let us consider
the casewherethe agentshave neighborson both sides(the other casescan be treatedanalogously) Let x[i](‘)
(respectiely, XQ](‘)) denotethe positionof the neighborof agenti to theleft (respectiely, of agentj to theright).

Now, we have

Certroid (XU()) = (<) + 2x10) + xUIC) ;- Centroid (XVI()) = Z(<10) + 2x01() + xE1()
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Thereforej Centroid (X F1("))  Certroid (XG1(*))j 2 jxU1() xBIC)j+ 2xBIC)  xBIC)j+jxBIC)  xUI()j
r. This implies thatagentsi andj arein the sameconnecteccomponen®f the r-limited Delaunaygraphat time
instant™ + 1.

Next, let us considerthe casethat E . p(Xg) is connectedWithout loss of generality assumethat the agents
are orderedfrom left to right accordingto their identi er, thatis, x/¥(0) = (xo)1 xIN1(0) = (xo)n . We
distinguishthree casesdependingon the proximity of the leftmostand rightmostagentsl and N, respectiely, to
the boundaryof the ervironment:(a) both agentsare within a distance; of @; (b) noneof the two is within a
distance5 of @; and(c) only oneof the agentsis within a distance} of @. Hereis animportantobsenation:
from onetime instantto the next one, the network con guration can fall into ary of the casesdescribedabore.
However, becauseof the discussionon connectiity, transitionscan only occurfrom case(b) to eithercase(a) or
(0); and from case(c) to case(a). As we shawv in the following, for eachof thesecasesthe network evolution
under CCeentrg Can be describedas a discrete-timdinear dynamicalsystemwhich respectsagents'ordering.

Let us considercase(a). In this case we have

X+ 1) = ZE0)+ XBO) + Za 0 xPC+ 1) = Z6E0) + 2P0+ xBI0)

200 H0)+ XM + 2,

0 = 2 A0)+ 2 H0)xNICY) s xNIC+ )=

Equivalently we canwrite x(" + 1) = Aa x(°) + by, wheretheN N -matrix A, andthe vectorb, aregiven by

2 3
1 1
1 0 oo 21 3
101 1 24
i 2 1 0 0
o 1 1 1 0
A, = 2 2 2 C by =
0
1 1 1
0 PR PR z é Z 1
50
0 ::: = 0 % %

Note that the only equilibrium network con guration x respectinghe orderingof the agentsis given by
xU = q + i(1+ 26 D)ag- q); i21l;
2N L ’

and note that this is a 5-centroidal Voronoi con guration (under the assumptionof case(a)). We can therefore

write (Xx(')  x ) = Aa(x(C 1) x ). Now, notethatA, = ATridy 3%;3 . TheoremA.4(ii) in [1] implies that
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lim +1 x(') x = 0, andthat the maximumtime requiredfor kx(") x ,  "kx(0) x kz (over all
initial conditionsx(0) 2 RN)is  N?2log" ! . It is not obvious, but it canbe veri ed, that the initial condition
providing the lower boundin the time compl«ity estimatedoesindeedhave the propertyof respectinghe agents'

ordering;this fact holdsfor all threecases(a), (b) and ().

The case(b) canbetreatedin the sameway. The network evolution takesnow theform x(" + 1) = Ay x(°) + by,

wherethe N N -matrix A, andthe vectorh, aregiven by

>
o
1
AOOOCO0000000000000 N
o o o AR b
Lo e e e
NIk bR o
o sk sk
R (TR
NN AR e O o o
&
1
HOOCOCOO0OO000000D N
Bl o o NN
=

In this case,a (non-unique)equilibrium network con guration respectinghe orderingof the agentsis of the form

il _ - 1+ N

=ir r; i2l:

Note that this is a 5-centroidalVoronoi con guration (underthe assumptiorof case(b)). We can thereforewrite
(x() x)=Ap(x(C 1) x ).Now, notethatA, = ATridy, ;3 . Wecomputexae= 17 (xo X ) = 21T xo.
With this calculation,TheoremA.4(i) in [1] impliesthatlim+, +1 X(7) X Xael = 0, andthatthe maximum
time requiredfor kx(*) X Xael , "kx(0) x Xaelkz (over all initial conditionsx(0) 2 RN) is

NZ2log" 1.

Case(c) needsto be handleddifferently Without loss of generality assumethat agent1 is within distance}

of @) andagentN is not (the other caseis treatedanalogously) Then,the network evolution takes now the form
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x(C+ 1)= A; x(O) + b, wherethe N N -matrix A. andthe vectorh, aregiven by

2 3
1 1
110 oo 21 3
1 1 1 Eq
i 3 4 0 0
01 b i oo
AC: !bCz
0
o :x:x :;x 114 X
i
0o ::: 0o 1 3

Note that the only equilibrium network con guration x respectinghe orderingof the agentsis given by
i 1. .
x1 = q +§(2| Dr; i21;

and note that this is a 5-centroidalVoronoi con guration (underthe assumptiorof case(c)). In orderto analyze
A., we recastthe N -dimensionaldiscrete-timedynamicalsystemas a 2N -dimensionalone. To do this, we de ne

a 2N -dimensionalvectory by

yil = x0l:i21; and yN*1T= xIN #1152 . 8)

linear dynamicalsystemdeterminedoy the 2N 2N matrix ATrid ,y (%; %). Using analogousagumentsto the
onesusedbeforeandexploiting the chainof equalities(8), we cancharacterizehe eigervaluesand eigervectorsof

Tridon 1(3 35 1), andinfer that, evenfor case(c), the maximumtime requiredfor kx(*) ~ x "kx(0) x ko

2
(over all initial conditionsx(0) 2 RN)is NZlog" ! .
In summaryfor all threecases(a), (b) and(c), our calculationsshawv that, in time O N2log" ! , the error 2-

norm satis esthe contractioninequalitykx(") x "kx(0) x ky. We corvert this inequalityon 2-normsinto

2

[l

an appropriatenequalityon 1 -normsasfollows. Note thatkx(0) x ki = maxiz; jxi1(0) x"j (o q).

For * of orderN?log !, we have
. . p_ p_
kx(") x kg kx(") x ko kx(0) x k» Nkx(0) x k; N(g q):

This meanghat" -r -deploymentis achievedfor pﬁ(q+ q ) = ", thatis,intimeO(N2?log )= O(NZ?log(N" 1)).
Up to here we have proved that, if the graph (I;E,..p(X0)) is connectedthen TC(T-.; gepimns Cleentrd 2

O(NZ2log(N" 1). If (I;E,;.p(Xo)) is not connectednote that along the network evolution there can only be
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a nite numberof time instants,at mostN 1 wherea meiging of two connecteccomponentoccurs.Therefore,

the time compleity is at mostO(N 3log(N" 1)). [ |

V. CONCLUSIONS

Building on the framavork proposedn the companiorpaper[1] to modelandanalyzerobotic networks, we have
formalizedvariousmotion coordinationalgorithms:the move-tavard-arerageandthe circumcentetaws, achiezing
the rendezwoustask,andthe centroidlaw, achiezing the deploymenttask. We have computedthe time compleity
of thesealgorithms,providing upperand lower boundsas the numberof agentstendsto in nity . To obtainthese
complity estimatesye have developedsomenovel analysismethodsinvolving linear dynamicalsystemsde ned
by tridiagonal Toeplitz and circulant matrices.Theseresults demonstratehe usefulnessof the proposedformal
model.We hopethatthey will helpassesshe comple trade-ofs betweencomputationcommunicatiorandmotion
control in robotic networks.

A numberof researchavenueslook now promisingand exciting. In this paper our analysisresultsessentially
consistof a time-compl&ity analysisof somebasicalgorithms,but mary more openalgorithmic questiongemain
unresoled including (i) analysisof the communicationcompleity for unidirectionaland omnidirectionalmodels
of communication{ii) analysisof otherknown algorithmsfor ocking, cohesionformation, motion planningand

a long etceteraand (iii) compleity analysisresultsfor coordinationtasks,asopposedo for algorithms.
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APPENDIX |

BASIC GEOMETRIC NOTIONS

Here we have gatheredvariousgeometricconceptsusedthroughoutthe paper Let S RY, d 2 N, be compact.
The circumcentenf S, denotedby Circum(S), is the centerof the smallest-radiuspherein RY enclosingS. Given

R
anintegrablefunction :S! R.,themassof S is MasqS) = ¢ (g)dg, andthe centoid of S is

z

L g (qda:
S

ntroid = -
Certroid (S) Mass©)
A partition of S is a collectionof subset®f S with disjointinteriorsandwhoseunionis S. Givenasetof N distinct
pointsP = fpigis 1.8 ¢ IN'S, the Voronoi partition of S generatedy P (with respectto the Euclideannorm) s

the collectionof setsf Vi (P)giof 1....ng dened by Vi(P) = fq2 Sjkq pkz kg pjke; forallp 2 Pg. We
usuallyreferto V;(P) asV;. For a detailedtreatmentof Voronoi partitionswe referto [24], [23].

Forl = f1;:::;NgandS RY, a proximity edge mapis a map of the form E: SN 1 2! Indiag(l 1) "pFor
r 2 R+, we de ne the r-disk proximity edgemapE, gisx: (RN 1 2' ' andthe r-limited Delaunayproximity

edgemapE,.p: (RHON 1 2! ! asfollows. An edge(i;j) 21 | ndiag(l 1) belongsto E, gisk(X1;:: ;XN )

if andonly if kx; Xxjka r.Anedge(i;j)21 | ndiag(l ) belongsto E,..p(x1;:::;xn) if andonly if

VIV B(xii5) \ ViV B(xih) 65

givenin Fig. 5.
As proved in [12], the r-limited Delaunaygraphand the r-disk graph have the sameconnectedcomponents.
Additionally, the r-limited Delaunaygraphis “computable”on ther -disk graphin the following senseary nodein

the network cancomputethe setof its neighbordan ther -limited Delaunaygraphif it is giventhe setof its neighbors
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r-disk graph r-lim. Delaunaygraph
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Fig. 5. Ther-disk andr-limited Delaunaygraphsin R2.

in ther-disk graph.This impliesthatarny controlandcommunicatioriaw for a network with communicatiorgraph

E;..p canbeimplementedon a analogoumetwork with communicationgraphE; _gisk.
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