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On synchronousrobotic networks – Part II:

Time complexity of rendezvousand

deploymentalgorithms

SoniaMart́�nez FrancescoBullo Jorge Cort́es Emilio Frazzoli

Abstract

This paperanalyzesa numberof basiccoordinationalgorithmsrunning on synchronousrobotic networks. We

provide upperand lower boundson the time complexity of the move-toward averageand circumcenterlaws, both

achieving rendezvous,andof thecentroidlaw, achieving deploymentover a region of interest.Theresultsarederived

via novel analysismethods,including a set of resultson the convergenceratesof linear dynamicalsystemsde�ned

by tridiagonalToeplitz andcirculantmatrices.

I . INTRODUCTION

Problemmotivation: Althoughrecentyearshave witnessedtheemergenceof numerouscoordinationalgorithms

for networkedmobilesystems,the fundamentallimits in termsof achievableperformance,energy consumptionand

operationaltime remain largely unknown. This is partially explainedby the inherentdif�culty in integrating the

varioussensing,computingandcommunicationaspectsof problemsinvolving groupsof mobileagents.In this paper,
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we considerthe problem of analyzingthe performanceof several coordinationalgorithmsachieving rendezvous

anddeployment.To this goal, we rely on the generalframework proposedin the companionpaper[1] to formally

model the behavior of robotic networks. Our researcheffort aimsat developingtools andresultsto assessto what

extent coordinationalgorithmsarescalable,andimplementablein large networks of mobile agents.Ultimately, we

would like to characterizetheminimumamountof communication,sensingandcontrol that is necessaryto reliably

performa desiredtask,andwe would like to designalgorithmsthat achieve thoselimits.

Literature review: A survey on cooperative mobile roboticsis presentedin [2] andan overview of control and

communicationissuesis containedin [3]. Speci�c topics relatedto the presenttreatmentinclude rendezvous [4],

[5], [6], [7], [8], cyclic pursuit [9], [10], deployment [11], [12], swarm aggregation [13], gradientclimbing [14],

�ocking [15], [16] andconsensus[17], [18], [19]. The papers[20], [21], [10] discussconvergenceratesof various

motion coordinationalgorithms.Seethe aforementionedworks for referenceson additionalcooperative strategies

designedto performotherspatially-distributed tasks.

Statementof contributions: Thecompanionpaper[1] proposesa generalframework to modelroboticnetworks

andformally analyzetheir behavior. In particular, this work de�nes notionsof time andcommunicationcomplexity

aimed at capturing the performanceand cost of the execution of motion coordinationalgorithms.Building on

thesenotions,herewe establishcomplexity estimatesfor variousbasicmotioncoordinationalgorithmsthatachieve

rendezvous and deployment. First, we analyzea simple averaginglaw for a network of locally-connectedagents

moving on a line. This law is relatedto the widely known Vicsek's model,see[15], [22]. We show that this law

achieves rendezvous (without preservingconnectivity) and that its time complexity belongsto 
( N ) andO(N 5).

Second,for a network of locally-connectedagentsmoving on a line or on a segment,we show that thewell-known

circumcenteralgorithm by [4] has time complexity of order �( N ). (This algorithm achieves rendezvous while

preservingconnectivity with a communicationgraphwith O(N 2) links.) We then considera network basedon a

differentcommunicationgraph,calledthe limited Delaunaygraph,that arisesnaturally in computationalgeometry

and in the study of wireless communicationtopologies.For this less densegraph with O(N ) communication

links, we show that the time complexity of the circumcenteralgorithm grows to �( N 2 logN ). For a network of

agentsmoving on Rd (with a certaincommunicationgraph)we introducea novel “parallel-circumcenteralgorithm”

and establishits time complexity of order �( N ). Third and last, for a network of agentsin a one-dimensional
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environment,we show that the time complexity of the deployment algorithm introducedin [11] is O(N 3 logN ).

To obtainthesecomplexity estimates,we develop somenovel analysismethods.In particular, we develop a key set

of resultson linear dynamicalsystemsde�ned by tridiagonalToeplitz andcirculantmatricesthat characterizetheir

convergenceratesasa function of the matricesdimensions.

Organization: SectionII brie�y reviews the generalapproachto the modelingof robotic networks proposed

in [1], presentingthenotionsof controlandcommunicationlaw, coordinationtasksandtime complexity. SectionsIII

and IV de�ne the rendezvous and deployment coordinationtasks,respectively, and presentvarious coordination

algorithmsthatachieve them.For bothproblems,weestablishtheasymptoticcorrectnessof theproposedalgorithms,

andcharacterizetheir time complexity. Finally, we presentour conclusionsin SectionV. In theappendix,we review

somebasiccomputationalgeometricstructuresemployed along the discussion.

Notation: We let BooleSet be the setf true ; false g. We let
Q

i 2f 1;::: ;N g Si denotethe Cartesianproduct

of setsS1; : : : ; SN . We let R+ andR+ denotethesetof strictly positive andnon-negative realnumbers,respectively.

The setof positive naturalnumbersis denotedby N andN0 denotethe setof non-negative integers.If S is a set,

thendiag(S � S) = f (s; s) 2 S � S j s 2 Sg. For x 2 R, we let bxc denotethe �oor of x. For x 2 Rd, we denote

by kxk2 and kxk1 the Euclideanand the 1 -norm of x, respectively. Recall that kxk1 � kxk2 �
p

dkxk1 for

all x 2 Rd. For x 2 Rd andr 2 R+ , we let B (x; r ) andB (x; r ) denotethe openandclosedball in Rd centeredat

x of radiusr , respectively. We let e1; : : : ; ed be the standardorthonormalbasisof Rd. Also, we de�ne the vectors

0 = (0; : : : ; 0)T and 1 = (1; : : : ; 1)T in Rd. For f ; g: N ! R, we say that f 2 O(g) (respectively, f 2 
( g)) if

thereexist N0 2 N andk 2 R+ suchthat jf (N )j � kjg(N )j for all N � N0 (respectively, jf (N )j � kjg(N )j for

all N � N0). If f 2 O(g) andf 2 
( g), thenwe usethenotationf 2 �( g). We refer the readerto AppendixI for

someusefulgeometricconcepts.Finally, we will usethe notationTrid N (a;b;c), CircN (a;b;c) andATrid �
N (a;b)

to refer to varioustridiagonalToeplitz andcirculantmatricesas introducedin AppendixA of [1].

I I . SYNCHRONOUS ROBOTIC NETWORKS

The companionpaper [1] proposesa formal model for robotic networks, and de�nes notions of control and

communicationlaws, coordinationtasks,and time and communicationcomplexity. For the sake of completeness,

we presentheresimpli�ed versionsof thesenotions.

De�nition II.1 A uniform network of robotic agents(or robotic network) S is a tuple (I ; A ; E cmm) consistingof
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4 SUBMITTED AS A REGULAR PAPER TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL

(i) I = f 1; : : : ; N g; I is called the setof uniqueidenti�ers (UIDs);

(ii) A = f A [i ]gi 2 I , with A [i ] = (X ; U; X 0; f ), is a set of identical control systems;this set is called the set of

physical agents;

(iii) Ecmm is a map from
Q

i 2 I X to the subsetsof I � I n diag(I � I ); this map is called the communication

edgemap. �

De�nition II.2 A (synchronous,static,uniform, feedback)controlandcommunicationlaw CC for S consistsof the

sets:

(i) T = f t ` g` 2 N0 � R+ is an increasingsequenceof time instants,called communicationschedule;

(ii) L is a set containing the null element,called the communicationlanguage; elementsof L are called

messages;

and of the maps:

(i) msg: T � X � I ! L is called message-generationfunction;

(ii) ctl : R+ � X � X � L N ! U, i 2 I , is called control function. �

A control and communicationlaw CC is said to be time-independentif the message-generationand control

functionsareof the form msg: X � I ! L andctl : X � X � L N ! U, respectively.

De�nition II.3 Theevolutionof (S; CC) frominitial conditionsx [i ]
0 2 X 0

[i ], i 2 I , is thesetof curvesx [i ];` : [t ` ; t ` +1 ] !

X , i 2 I , ` 2 N0 satisfying

_x [i ];` (t) = f
�
x [i ];` (t); ctl(t; x [i ];` (t); x [i ];` (t ` ); y[i ](t ` ))

�
;

where, for ` 2 N0, and i 2 I ,

x [i ];` (t ` ) = x [i ];` � 1(t ` ) ;

with the conventionx [i ];� 1(t0) = x [i ]
0 . Here, the functiony[i ] : T ! L N (describingthe messagesreceivedby agent

i ) hascomponentsy[i ]
j (t ` ), for j 2 I , givenby

y[i ]
j (t ` ) = msg(t ` ; x [j ];` � 1(t ` ); i )

if (i; j ) 2 Ecmm(x [1] ;` � 1(t ` ); : : : ; x [N ];` � 1(t ` )) and y[i ]
j (t ` ) = null otherwise. �

DRAFT April 29, 2005
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Remarks II.4 (Related conceptsand notations) To distinguishbetweenthe null and the non-null messages

received by an agentat a given time instant,it is convenientto de�ne the natural projection � L : L N ! 2L that

mapsan arrayof messagesy to the subsetof L containingonly the non-null messagesin y.

In many uniform control and communicationlaws, the messagesinterchangedamongthe network agentsare

(quantizedrepresentationsof) theagents'states.Thecorrespondingcommunicationlanguageis L = X andmessage

generationfunction msgstd: T � X � I ! X is referredto as the standard message-generation function and is

de�ned by msgstd(t; x; j ) = x. �

Let us now introducesomeuseful examplesof robotic networks. We start with a fairly commonexampleand

de�ne someinterestingvariations.

Example II.5 (Locally-connected �rst-order agents in Rd) ConsiderN points x [1] ; : : : ; x [N ] in the Euclidean

spaceRd, d � 1, obeying a �rst-order dynamics _x [i ](t) = u[i ](t). Theseare identical agentsof the form A =

(Rd; Rd; Rd; (0; e1; : : : ; ed)) . Assumethateachagentcancommunicateto any otheragentwithin Euclideandistance

r , that is, adoptascommunicationedgemap the r -disk proximity edgemapE r -disk de�ned in Appendix I. These

datade�ne the uniform robotic network SRd ,r -disk = (I ; A ; E r -disk). �

Example II.6 (LD-connected�rst-order agentsin Rd) Considerthesetof physicalagentsde�ned in theprevious

example.For r 2 R+ , recall from Appendix I the r -limited DelaunaymapE r -LD de�ned by

(i; j ) 2 E r -LD(x [1] ; : : : ; x [N ]) if andonly if
�
V [i ] \ B (x [i ]; r

2 )
�

\
�
V [j ] \ B (x [j ]; r

2 )
�

6= ; ; i 6= j ;

wheref V [1] ; : : : ; V [N ]g is theVoronoipartitionof Rd generatedby f x [1] ; : : : ; x [N ]g. Thesedatade�ne theuniform

robotic network SRd ,r -LD = (I ; A ; E r -LD). �

Example II.7 (Locally-1 -connected�rst-order agentsin Rd) Considerthe setof physical agentsde�ned in the

previous two examples.For r 2 R+ , de�ne the proximity edgemapE r -1 -disk by

(i; j ) 2 E r -1 -disk(x [1] ; : : : ; x [N ]) if andonly if kx [i ] � x [j ]k1 � r ; i 6= j :

Thesedatade�ne the uniform robotic network SRd ,r -1 -disk = (I ; A ; E r -1 -disk). �

In orderto analyzetheperformanceof a communicationandcontrol law, we �rst de�ne thenotionof coordination

task,andof taskachievementby a robotic network.
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De�nition II.8 (Coordination task) Let S be a robotic network. A (static) coordinationtask for S is a map

T:
Q

i 2 I X [i ] ! BooleSet . Additionally, let CC a control and communicationlaw for S. The law CC achieves

the task T if for all initial conditionsx [i ]
0 2 X [i ]

0 , i 2 I , the correspondingnetworkevolution t 7! x(t) has the

property that there existsT 2 R+ such that T(x(t)) = true for all t � T . �

The notionsof time andcommunicationcomplexity describethe performanceandcostof a control andcommu-

nication law completinga certaincoordinationtask.Here,we focuson time complexity.

De�nition II.9 (Time complexity) Let S be a robotic network,let T be a coordination task for S and let CC be

a control and communicationlaw for S.

(i) The time complexity to achieve T with CC from x0 2
Q

i 2 I X [i ]
0 is

TC(T; CC; x0) = inf f ` j T(x(tk )) = true ; for all k � `g ;

where t 7! (x(t)) is the evolution of (S; CC) from x0.

(ii) The time complexity to achieve T with CC is

TC(T; CC) = sup
n

TC(T; CC; x0) j x0 2
Y

i 2 I

X [i ]
0

o
:

(iii) The time complexity of T is

TC(T) = inf f TC(T; CC) j CC achievesTg: �

I I I . RENDEZVOUS

In this section,we introducerendezvous coordinationtasksand analyzevarious coordinationalgorithmsthat

achieve them,providing upperandlower boundson their time complexity. Along the section,we will considerthe

networks SRd ,r -disk andSRd ,r -LD presentedin ExampleII.5 andExampleII.6, respectively.

A. Rendezvoustasks

First, let S = (I ; A ; Ecmm) bea uniform roboticnetwork. The(exact)rendezvoustaskTrndzvs: X N ! BooleSet

for S is the static taskde�ned by

Trndzvs(x [1] ; : : : ; x [N ]) =

8
>>><

>>>:

true ; if x [i ] = x [j ]; for all (i; j ) 2 Ecmm(x [1] ; : : : ; x [N ]);

false ; otherwise:

DRAFT April 29, 2005
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Trndzvs(x [1] ; : : : ; x [N ]) = true if andonly if

x [i ] = x [j ]; for all (i; j ) 2 Ecmm(x [1] ; : : : ; x [N ]):

Second,let S = (I ; A ; Ecmm) be a uniform robotic network with agents'statespaceX � Rd. Examplesnetworks

of this form areSRd ,r -disk, seeExamplesII.5 andIII-B, andSRd ,r -LD , seeExamplesII.6. For " > 0, the"-rendezvous

task T" -rndzvs: X N ! BooleSet for S is de�ned by T" -rndzvs(x) = true if andonly if






 x [i ] � avrg

�
f x [i ]g [ f x [j ] j (i; j ) 2 Ecmm(x)g

� 






2
< ";

for all i 2 I . Herex = (x [1] ; : : : ; x [N ]) 2 X N � (Rd)N . In otherwords,T" -rndzvs is true at x 2 (Rd)N if, for all

i 2 I , x [i ] is at distancelessthan" from the averageof its own positionwith the positionof its Ecmm-neighbors.

B. Rendezvouswithout connectivityvia the move-toward-average control and communicationlaw

From ExampleII.5, considerthe uniform network SRd ,r -disk of locally-connected�rst-order agentsin Rd. We

now de�ne a static,uniform and time-independentlaw that we refer to as the move-toward-averagelaw and that

we denoteby CCavrg. We looselydescribeit as follows:

[Informal description] Communicationroundstake placeat eachnatural instantof time. At eachcom-

municationround eachagenttransmitsits position. Betweencommunicationrounds,eachagentmoves

towardsandreachesthepoint that is theaverageof its neighbors'positions;theaveragepoint is computed

including the agent's own position.

Next, we formally de�ne the law as follows. First, we take T = N0 andwe assumethat eachagentoperateswith

thestandardmessage-generationfunction,i.e., we setL = Rd andmsg(x; j ) = msgstd(x; j ) = x. Second,we de�ne

the control function ctl : Rd � Rd � L N ! Rd by

ctl(x; xsmpld; y) = � kprop vers
�
x � avrg(y [ f xsmpldg)

�
;

wherekprop � r , vers: Rd ! Rd is de�ned by vers(0) = 0 and vers(v) = v=kvk2 for v 6= 0, and the map avrg

computesthe averageof a �nite point set in Rd:

avrg(S) =
1

X

p2 � R(S)

1

X

p2 � R(S)

p:
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In summarywe set CCavrg = (N0; Rd; msgstd; ctl). An implementationof this control and communicationlaw is

shown in Fig. 1 for d = 1. Note that,alongtheevolution, (1) several agentsrendezvous, i.e., agreeupona common

location, and (2) someagentsare connectedat the simulation's beginning and not connectedat the simulation's

end.Finally, we remarkthat this law is relatedto the Vicsek's modeldiscussedin [15], [22]. �

PSfragreplacements

11

22

33

44

77

66

55

Fig. 1. Evolution of a robotic network underthe move-toward-averagecontrol and communicationlaw in ExampleIII-B implementedover

the r -disk graph,with r = 1:5. The vertical axis correspondsto the elapsedtime, and the horizontalaxis to the positionsof the agentsin the

real line. The 51 agentsare initially randomlydeployed over the interval [� 15; 15].

The next result characterizesthe complexity of this law.

Theorem III.1 For d = 1, the networkSRd ,r -disk, the law CCavrg, and the task Trndzvs satisfyTC(Trndzvs; CCavrg) 2

O(N 5) and TC(Trndzvs; CCavrg) 2 
( N ).

Proof: Onecaneasilyprove that,alongthe evolution of the network, the orderingof the agentsis preserved,

i.e., if x [i ](`) � x [j ](`), thenx [i ](` + 1) � x [j ](` + 1). However, links betweenagentsarenot necessarilypreserved

(seee.g.Figure1). Indeed,connectedcomponentsmaysplit alongtheevolution.However, mergingsarenotpossible.

Considertwo contiguousconnectedcomponentsC1 andC2, with C1 to the left of C2. By de�nition, the rightmost

agentof C1 andthe leftmostagentof C2 areat a distancestrictly biggerthanr . Now, by executingthe algorithm,

they can only but increasethat distance,sincethe rightmostagentof C1 will move to the left, and the leftmost

agentof C2 will move to the right. Therefore,connectedcomponentsdo not merge.

Consider�rst the caseof an initial con�guration of the network for which the communicationgraphremains

connectedthroughoutthe evolution. Without loss of generality, assumethat the agentsare orderedfrom left to

right accordingto their identi�er, that is, x [1] (0) = (x0)1 � � � � � x [N ](0) = (x0)N . Let � 2 f 3; : : : ; N g have the
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propertythat agentsf 2; : : : ; � � 1g areneighborsof agent1, andagent� is not. (If insteadall agentsarewithin

an interval of length r , then rendezvous is achieved in 1 time instant,and the statementin theoremis easilyseen

to be true.) Note that we can assumethat agentsf 2; : : : ; � � 1g are also neighborsof agent� . If this is not the

case,thenthoseagentsthat areneighborsof agent1 andnot of agent� , rendezvouswith agent1 at the next time

instant.At the time instant` = 1, the new updatedpositionssatisfy

x [1] (1) =
1

� � 1

� � 1X

k=1

x [k ](0); x [
 ](1) 2
h1

�

�X

k=1

x [k ](0); �
i
; 
 2 f 2; : : : ; � � 1g;

where� denotescertainunimportantpoint.

Now, we show that

x [1] (� � 1) � x [1] (0) �
r

� (� � 1)
: (1)

Let us �rst show the inequality for � = 3. Note that the fact that the communicationgraph remainsconnected

implies thatagent2 is still a neighborof agent1 at the time instant` = 1. Thereforex [1] (2) � 1
2 (x [1] (1) + x [2] (1)) ,

and from herewe deduce

x [1] (2) � x [1] (0) �
1
2

�
x [2] (1) � x [1] (0)

�

�
1
2

� 1
3

�
x [1] (0) + x [2] (0) + x [3] (0)

�
� x [1] (0)

�
�

1
6

�
x [3] (0) � x [1] (0)

�
�

r
6

:

Let us now proceedby induction.Assumethat inequality(1) is valid for � � 1, andlet us prove it for � . Consider

�rst the possibility when at the time instant ` = 1, the agent� � 1 is still a neighborof agent1. In this case,

x [1] (2) � 1
� � 1

P � � 1
k=1 x [k ](1), and from herewe deduce

x [1] (2) � x [1] (0) �
1

� � 1

�
x [� � 1](1) � x [1] (0)

�
�

1
� � 1

� 1
�

�X

k=1

x [k ](0) � x [1] (0)
�

�
1

� (� � 1)

�
x [� ](0) � x [1] (0)

�
�

r
� (� � 1)

;

which in particularimplies (1). Considerthen the casewhenagent� � 1 is not a neighborof agent1 at the time

instant` = 1. Let � < � suchthat agent� � 1 is a neighborof agent1 at ` = 1, but agent� is not. Since� < � ,

we have by inductionx [1] (� ) � x [1] (1) � r
� ( � � 1) . From here,we deducethat x [1] (� � 1) � x [1] (0) � r

� ( � � 1) .

Inequality(1) implies that,at mostin � � 1 � N � 1 time instants,the leftmostagenttraversesa distancegreater

thanor equalto r
N (N � 1) (provided that at eachstepthereexists at leastanotheragentwhich is not its neighbor).
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Sincediam(x0; I ) � (N � 1)r , we deducethat in N (N � 1)3 time instantstherecannotbe any agentwhich is not

a neighborof the agent1. Hence,all agentsrendezvousat the next time instant.Consequently,

TC( Trndzvs; CCavrg; x0) � N (N � 1)3 + 1:

Finally, for a generalinitial con�guration x0, becausethereare a �nite numberof agents,only a �nite number

of splittings (at most N � 1) of the connectedcomponentsof the communicationgraphcan take placealong the

evolution. Therefore,we concludeTC(Trndzvs; CCavrg) = O(N 5).

Let us now prove the lower bound.Consideran initial con�guration x0 2 RN whereall agentsare positioned

in increasingorder accordingto their identity, and exactly at a distancer apart,say (x0) i +1 � (x0) i = r , i 2

f 1; : : : ; N � 1g. Assumefor simplicity that N is odd - when N is even, one can reasonin an analogousway.

Becauseof thesymmetryof theinitial condition,in the�rst time step,only agents1 andN move.All theremaining

agentsremain in their position becauseit coincideswith the averageof its neighbors'position and its own. At

the secondtime step,only agents1, 2, N � 1 andN move, and the othersremainstill becauseof the symmetry.

Applying this idea iteratively, one deducesthe time stepwhen agentsN � 1
2 and N +3

2 move for the �rst time is

lower boundedby N � 1
2 . Sinceboth agentshave still at leasta neighbor(agent N +1

2 ), the taskTrndzvs hasnot been

achieved yet at this time step.Therefore,TC(Trndzvs; CCavrg; x0) � N � 1
2 , and the result follows.

C. Rendezvouswith connectivityconstraint via the circumcentercontrol and communicationlaw

Here we de�ne the circumcentercontrol and communicationlaw CCcrcmcntr for both networks SRd ,r -disk and

SRd ,r -LD . This is a uniform, static, time-independentlaw originally introducedby [4] and later studiedin [6], [7].

Loosely speaking,the evolution of the network under the circumcentercontrol and communicationlaw can be

describedas follows:

[Informal description] Communicationroundstake placeat eachnatural instantof time. At eachcom-

municationround eachagentperformsthe following tasks:(i) it transmitsits position and receives its

neighbors'positions;(ii) it computesthe circumcenterof the point setcomprisedof its neighborsandof

itself, and(iii) it moves toward this circumcenterwhile maintainingconnectivity with its neighbors.

Let us presentthis descriptionin more formal terms.We set T = N0, L = Rd, and msg[i ] = msgstd, i 2 I .

In order to de�ne the control function, we needto introducesomepreliminaryconstructions.First, connectivity is
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maintainedby restrictingthe allowablemotion of eachagentin the following appropriatemanner. If agentsi and

j areneighborsat time ` 2 N0, thenwe requiretheir subsequentpositionsto belongto B ( x [ i ] ( ` )+ x [ j ] ( ` )
2 ; r

2 ). If an

agenti hasits neighborsat locationsf q1; : : : ; ql g at time `, then its constraint set Dx [ i ] ( ` ) ;r (f q1; : : : ; ql g) is

Dx [ i ] ( ` ) ;r (f q1; : : : ; ql g) =
\

q2f q1 ;::: ;ql g

B
� x [i ](`) + q

2
;

r
2

�
:

Second,in orderto maximizethe displacementtoward the circumcenterof the point setcomprisedof its neighbors

andof itself, eachagentsolvesa convex optimizationproblemthat canbe statedin generalasfollows. For q0 and

q1 in Rd, and for a convex closedset Q � Rd with q0 2 Q, let � (q0; q1; Q) denotethe solution to the strictly

convex problem:

maximize �

subjectto � � 1; (1 � � )q0 + �q 1 2 Q:

Under the statedassumptionsthe solution exists and is unique.Third, note that sincethe agentsoperatewith the

standardmessage-generationfunction, it is clearthat the naturalprojection� Rd mapsthe messagesy[i ](`) received

at time ` 2 N0 by theagenti 2 I ontothepositionsof its neighbors.We arenow readyto de�ne thelastconstitutive

elementof CCcrcmcntr. De�ne the control function ctl : Rd � Rd � L N ! Rd by

ctl(x; xsmpld; y) = � � � (Circum(� Rd (y) [ f xsmpldg) � xsmpld) ; (2)

with � � = � (xsmpld; (Circum(� Rd (y) [ f xsmpldg); Dx smpld;r (� Rd (y))) . Evolving underthis control law, it is clearthat,

at time btc + 1, eachagenti reachesthe point (1 � � � )x [i ](btc) + � � Circum(� Rd (y[i ](btc)) [ f x [i ](btc)g).

Next, we considerthe network Sr -1 -disk of locally-1 -connected�rst-order agentsin Rd, seeExampleII.7. For

this network we de�ne the parallel circumcenterlaw, CCpll-crcmcntr, by designingd decoupledcircumcenterlaws

running in parallelon eachcoordinateaxis of Rd. As before,this law is uniform, staticand time-independent.As

before,we setT = N0, L = Rd, andmsg[i ] = msgstd, i 2 I . We de�ne thecontrolfunctionctl : Rd � Rd � L N ! Rd

by

ctl(x; xsmpld; y) =
�

Circum(� 1(M )) � � 1(xsmpld); : : : ; Circum(� d(M )) � � d(xsmpld)
�

; (3)

whereM = � Rd (y) [ f xsmpldg, and � 1; : : : ; � d : Rd ! R denotethe canonicalprojectionsof Rd onto R. See

Fig. 2 for an illustration of this law in R2.
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x [i ]

x [k]

x [j ]

x [l ]

Fig. 2. Parallel circumcentercontrolandcommunicationlaw in R2 . The targetpoint for theagenti is plottedin light grayandhascoordinates

(Circum( � 1 (M [i ] )) ; Circum (� 2 (M [i ] ))) .

Asymptoticbehavior and complexity analysis: The following theoremsummarizesthe results known in the

literatureaboutthe asymptoticpropertiesof the circumcenterlaw.

Theorem III.2 (Corr ectnessof the circumcenter law) For d 2 N, r 2 R+ and " 2 R+ , the following statements

hold:

(i) on the networkSRd ,r -disk, the law CCcrcmcntr achievesthe exact rendezvoustaskTrndzvs;

(ii) on the networkSRd ,r -LD , the law CCcrcmcntr achievesthe "-rendezvoustaskT" -rndzvs;

(iii) on the networkSRd ,r -1 -disk, the law CCpll-crcmcntr achievesthe exact rendezvoustaskTrndzvs;

(iv) the evolutions of (SRd ,r -disk; CCcrcmcntr), of (SRd ,r -LD ; CCcrcmcntr), and of (SRd ,r -1 -disk; CCpll-crcmcntr) have the

propertythat, if two agentsbelongto the sameconnectedcomponentof the communicationgraph at ` 2 N0,

thenthey continueto belongto thesameconnectedcomponentof thecommunicationgraphfor all subsequent

timesk � `. �
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Proof: The resultson Sr -disk appearedoriginally in [4]. The proof for the resultson Sr -LD is provided in [7].

We postponethe proof for Sr -1 -disk to the proof of TheoremIII.3 below.

Next we analyzethe time complexity of CCcrcmcntr. We provide completeresults for the cased = 1. As we

seenext, the complexity of CCcrcmcntr differs dramaticallywhenappliedto the two robotic networks with different

communicationgraphs.

Theorem III.3 (Time complexity of circumcenter law) For r 2 R+ and" 2]0; 1[, thefollowing statementshold:

(i) for d = 1, on the networkSR,r -disk, TC( Trndzvs; CCcrcmcntr) 2 �( N );

(ii) for d = 1, on the networkSR,r -LD , TC(T( r " ) -rndzvs; CCcrcmcntr) 2 �( N 2 log(N " � 1)) ;

(iii) for d 2 N, on the networkSRd ,r -1 -disk, TC(Trndzvs; CCpll-crcmcntr) 2 �( N ). �

Proof: Let x0 2 RN . Throughouttheproof,neighboringrelationshipsareunderstoodwith respectto ther -disk

graph.First of all, let us show that, for n = 1, the connectivity constraintson eachagenti 2 I imposedby the

constraintset Dx [ i ] ;r (� R(y))) are super�uous,i.e., the solutionof the convex optimizationproblemis � � = 1 (cf.

equation(2)). To seethis, assumethat agentsi andj areneighborsat time instant`, de�ne M [i ] as� Rd (y[i ](`)) [

f x [i ](`)g, andlet usshow thatCircum(M [i ]) belongsto B ( x [ i ] ( ` )+ x [ j ] ( ` )
2 ; r

2 ). Without lossof generality, let x [i ](`) �

x [j ](`). Let x [i ]
� (`), x [i ]

+ (`) denotethepositionsof the leftmostandrightmostagentsamongtheneighborsof agenti .

Note that x [i ](`) � x [j ](`) � x [i ]
+ (`) andCircum(M [i ]) = 1

2 (x [i ]
� (`) + x [i ]

+ (`)) . Then,

�
� Circum(M [i ]) �

1
2

(x [i ](`) + x [j ](`))
�
� =

1
2

�
�x [i ]

� (`) � x [i ](`) + x [i ]
+ (`) � x [j ](`)

�
�

�
1
2

maxfj x [i ]
� (`) � x [i ](`)j; jx [i ]

+ (`) � x [j ](`)jg �
r
2

;

as claimed.Therefore,we have that x [i ](` + 1) = Circum(M [i ]). Likewise, one can deduceCircum(M [i ]) �

Circum(M [j ]), and therefore,the orderof the agentsis preserved.

Consider�rst the casewhen E r -disk(x0) is connected.Without loss of generality, assumethat the agentsare

orderedfrom left to right accordingto their identi�er, that is, x [1] (0) = (x0)1 � � � � � x [N ](0) = (x0)N . Let

� 2 f 3; : : : ; N g have the property that agentsf 2; : : : ; � � 1g are neighborsof agent1, and agent� is not. (If

insteadall agentsarewithin an interval of lengthr , thenrendezvousis achieved in 1 time instant,andthestatement

in theoremis easily seento be true.) SeeFig. 3 for an illustration of thesede�nitions. Note that we can assume

thatagentsf 2; : : : ; � � 1g arealsoneighborsof agent� . If this is not thecase,thenthoseagentsthatareneighbors
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r

x [1](0) x [� � 1](0) x [� ](0)

Fig. 3. De�nition of � 2 f 3; : : : ; N g for an initial network con�guration.

of agent1 andnot of agent� , rendezvouswith agent1 at the next time instant.At the time instant` = 1, the new

updatedpositionssatisfy

x [1] (1) =
x [1] (0) + x [� � 1](0)

2
; x [
 ](1) 2

�
x [1] (0) + x [� ](0)

2
;

x [1] (0) + x [
 ](0) + r
2

�
; 
 2 f 2; : : : ; � � 1g:

Theseequalitiesimply that x [1] (1) � x [1] (0) = 1
2

�
x [� � 1](0) � x [1] (0)

�
� 1

2 r . Analogously, we deducex [1] (2) �

x [1] (1) � 1
2 r , and therefore

x [1] (2) � x [1] (0) � r : (4)

On theotherhand,from x [1] (2) 2
�

1
2

�
x [1] (1) + x [� � 1](1)

�
; �

�
(wherethesymbol� representsa certainunimportant

point in R), we deducethat

x [1] (2) � x [1] (0) �
1
2

�
x [1] (1) + x [� � 1](1)

�
� x [1] (0) �

1
2

�
x [� � 1](1) � x [1] (0)

�

�
1
2

� x [1] (0) + x [� ](0)
2

� x [1] (0)
�

=
1
4

�
x [� ](0) � x [1] (0)

�
�

1
4

r : (5)

Inequalities(4) and(5) meanthat, after at most two time instants,agent1 hastraveledan amountlarger thanr =4.

In turn this implies that

diam(x0; I )
r

� TC(Trndzvs; CCcrcmcntr; x0) �
4diam(x0; I )

r
:

If E r -disk(x0) is not connected,notethatalongthenetwork evolution, theconnectedcomponentsof ther -disk graph

do not change.Therefore,usingthe previous characterizationon the amounttraveledby the leftmostagentof each

connectedcomponentin at most two time instants,we deducethat

1
r

max
C 2CE r -disk(x 0 )

diam(x0; C) � TC(Trndzvs; CCcrcmcntr; x0) �
4
r

max
C 2CE r -disk(x 0 )

diam(x0; C) :
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Note that the connectednessof each C 2 CE r -disk(x0) implies that diam(x0; C) � (N � 1)r , and therefore

TC(Trndzvs; CCcrcmcntr) 2 O(N ). Moreover, for x0 2 RN such that (x0) i +1 � (x0) i = r , i 2 f 1; : : : ; N � 1g,

we have diam(x0; I ) = (N � 1)r , and thereforeTC(Trndzvs; CCcrcmcntr; x0) � N � 1. This concludesthe proof of

fact (i):

TC( Trndzvs; CCcrcmcntr) 2 �( N ) :

Next we prove fact (ii). In the r -limited Delaunaygraph,two agentson the line that areat mostat a distancer

from eachotherareneighborsif andonly if thereareno otheragentsbetweenthem.Also, note that the r -limited

Delaunaygraphandthe r -disk graphhave thesameconnectedcomponents(cf. [12]). Usinganargumentsimilar to

theoneabove, onecanshow that theconnectivity constraintsimposedby theconstraintsetssetDx [ i ] (bt c) ;r (� R(y)))

areagain super�uous.

Consider�rst the casewhenE r -LD(x0) is connected.Note that this is equivalent to E r -disk(x0) beingconnected.

Without loss of generality, assumethat the agentsare orderedfrom left to right accordingto their identi�er, that

is, x [1] (0) = (x0)1 � � � � � x [N ](0) = (x0)N . The evolution of the network underCCcrcmcntr can thenbe described

as the discrete-timedynamicalsystem

x [1] (` + 1) =
1
2

(x [1] (`) + x [2] (`)) ; x [2] (` + 1) =
1
2

(x [1] (`) + x [3] (`)) ; : : : ;

; : : : ; x [N � 1](` + 1) =
1
2

(x [N � 2](`) + x [N ](`)) ; x [N ](` + 1) =
1
2

(x [N � 1](`) + x [N ](`)) :

Note that this evolution respectsthe orderingof the agents.Equivalently, we can write x(` + 1) = A x(`), where

A is the N � N matrix given by

A =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
2

1
2 0 : : : : : : 0

1
2 0 1

2 : : : : : : 0

0 1
2 0 1

2 : : : 0

...
...

...
...

...

0 : : : : : : 1
2 0 1

2

0 : : : : : : 0 1
2

1
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

Note that A = ATrid +
N

�
1
2 ; 0

�
as de�ned in [1, Appendix A]. TheoremA.4(i) in [1] implies that, for xave =

1
N 1T x(0), we have that lim ` ! + 1 x(`) = xave1, and that the maximum time required for kx(`) � xave1






2 �
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� kx(0) � xave1k2 (over all initial conditionsx(0) 2 RN ) is �
�
N 2 log � � 1

�
. (As an aside,this alsoimplies that the

agentsrendezvous at the location given by the averageof their initial positions.In other words, we can forecast

the asymptoticrendezvousposition for this case,asopposedto the casewith the r -disk communicationgraph.)

Next, let us convert the contractioninequalityon 2-normsinto an appropriateinequalityon 1 -norms.Note that

diam(x0; I ) � (N � 1)r becauseE r -LD(x0) is connected.Therefore

kx(0) � xave1k1 = max
i 2 I

jx [i ](0) � xavej � jx [1]
0 � x [N ]

0 j � (N � 1)r:

For ` of order N 2 log � � 1, we use this bound on kx(0) � xave1k1 and the basic inequalitieskvk1 � kvk2 �

p
N kvk1 for all v 2 RN , to obtain:

kx(`) � xave1k1 � kx(`) � xave1k2 � � kx(0) � xave1k2 � �
p

N kx(0) � xave1k1 � �
p

N (N � 1)r:

Thismeansthat(r " )-rendezvousis achievedfor �
p

N (N � 1)r = r " , thatis, in timeO(N 2 log � � 1) = O(N 2 log(N " � 1)) .

Next, we show the lower bound.Considerthe unit-lengtheigenvector v N =
q

2
N +1 (sin �

N +1 ; : : : ; sin N �
N +1 )T 2

RN of TridN � 1( 1
2 ; 0; 1

2 ) correspondingto the largest singular value cos( �
N ). This vector is an eigenvector of

TridN � 1( 1
2 ; 0; 1

2 ) correspondingto the largest singular value cos( �
N ). For � = � 1

10
p

2
r N 5=2, we then de�ne the

initial condition x0 = �P +

2

6
6
4

0

vN � 1

3

7
7
5 2 RN . One can show that (x0) i < (x0) i +1 for i 2 f 1; : : : ; N � 1g, that

(x0)ave = 0, and that maxf (x0) i +1 � (x0) i j i 2 f 1; : : : ; N � 1gg � r . Using [1, Lemma A.5] and because

kwk1 � kwk2 �
p

N kwk1 for all w 2 RN , we compute

kx0k1 =
r N 5=2

10
p

2






 P+

2

6
6
4

0

vN � 1

3

7
7
5








1
�

r N 2

10
p

2






 P+

2

6
6
4

0

vN � 1

3

7
7
5








2
�

r N

10
p

2
kvN � 1k2 =

r N

10
p

2
:

The trajectoryx(`) = (cos( �
N )) ` x0 thereforesatis�es

kx(`)k1 =
�

cos
� �

N

�� `
kx0k1 �

r N

10
p

2

�
cos

� �
N

�� `
:

Therefore,kx(`)k1 is larger than 1
2 r " so long as 1

10
p

2
N (cos( �

N )) ` > 1
2 " , that is, so long as

` <
log(" � 1N ) � log(5

p
2)

� log
�

cos( �
N )

� :

The restof the proof is analogousto the oneof TheoremA.3(i) in [1] for the lower boundresult.

If E r -LD(x0) is not connected,note that alongthe network evolution, the connectedcomponentsdo not change.

Therefore,theprevious reasoningcanbeappliedto eachconnectedcomponent.Sincethenumberof agentsin each
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connectedcomponentis strictly less that N , the time complexity can only but improve. Therefore,we conclude

that

TC(Trndzvs; CCcrcmcntr) 2 �( N 2 log(N " � 1)) :

This completesthe proof of fact (ii).

Finally, we prove the statementsregarding SRd ,r -1 -disk and CCpll-crcmcntr in fact (iii) and in the previous Theo-

rem III.2. By de�nition, agentsi andj areneighborsat time ` 2 N0 if andonly if kx [i ](`) � x [j ](`)k1 � r , which

is equivalent to

j� k (x [i ](`)) � � k (x [j ](`)) j � r ; k 2 f 1; : : : ; dg:

Recall from the proof of fact (i) that the connectivity constraintsof CCcrcmcntr on eachagentare trivially satis�ed

in the 1-dimensionalcase.This fact hasthe following importantconsequence:from the expressionfor the control

function in CCpll-crcmcntr, we deducethat the evolution underCCpll-crcmcntr of the robotic network SRd ,r -1 -disk (in d

dimensions)can be alternatively describedas the evolution underCCcrcmcntr of d robotic networks SR,r -disk in R.

The correctnessand the time complexity resultsnow follows from the analysisof CCcrcmcntr at d = 1.

Remark III.4 TheoremIII.3 inducesa lower boundon the time communicationcomplexity of the circumcenter

law for the higher-dimensionalcase.Indeed,asa consequenceof this result,we have

(i) for d 2 N, on the network SR,r -disk, TC(Trndzvs; CCcrcmcntr) 2 
( N );

(ii) for d 2 N, on the network SR,r -LD , TC(T( r " ) -rndzvs; CCcrcmcntr) 2 
( N 2 log(N " � 1)) .

We have performedextensive numericalsimulationsfor the cased = 2 and the network SRd ,r -disk. We have ran

the algorithm starting from genericinitial con�gurations (where, in particular, agents'positionsare not aligned)

containedin a boundedregion of R2. We have consistentlyobtainedthat the time complexity to achieve Trndzvs

with CCcrcmcntr starting from theseinitial con�gurations is independentof the numberof agents.This leadsus

to conjecturethat, in fact, initial con�gurations where all agentsare aligned (i.e., the 1-dimensionalcase)give

rise to the worst possibleperformanceof the algorithm. In more formal terms,we conjecturethat, for d � 2,

TC(Trndzvs; CCcrcmcntr) = �( N ). �
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IV. DEPLOYMENT

In this section,we introducethedeploymentcoordinationtaskandanalyzea coordinationalgorithmthatachieves

it, providing upperand lower boundson its time complexity. Along the section,we considerthe uniform robotic

network SRd ,r -LD presentedin ExampleII.6 with parameterr 2 R+ . We assumewe are given a convex simple

polytopeQ � Rd, with an integrabledensity function � : Q ! R+ . We assumethat the initial positionsof the

agentsbelongto Q andwe intend to designa control law that keepsthemin Q for subsequenttimes.

A. Deploymenttask

By optimal deployment on the convex simple polytopeQ � Rd with density function � : Q ! R+ , we mean

the following objective: placethe agentson Q so that the expectedsquareEuclideandistancefrom any point in Q

to oneof the agentsis minimized.To de�ne this taskformally, let us review someknown preliminarynotions;we

will requiresomecomputationalgeometricnotionsfrom AppendixI. We considerthe following network objective

function H deplmnt: QN ! R,

H deplmnt(x [1] ; : : : ; x [N ]) =
Z

Q
min
i 2 I

kq � x [i ]k2
2 � (q)dq: (6)

This function and variationsof it are studiedin the facility location and resourceallocation researchliterature;

see[23], [11]. It is convenient [12] to study a generalizationof this function. For r 2 R+ , de�ne the saturation

function satr : R ! R by satr (x) = x if x � r andsatr (x) = r otherwise.For r 2 R+ , de�ne the new objective

function H r -deplmnt: QN ! R by

H r -deplmnt(x [1] ; : : : ; x [N ]) =
Z

Q
min
i 2 I

sat r
2
(kq � x [i ]k2

2) � (q)dq: (7)

Notethatif r � 2diam(Q), thenH deplmnt = H r -deplmnt. Let f V [1] ; : : : ; V [N ]g betheVoronoipartitionof Q associated

with f x [1] ; : : : ; x [N ]g. The partial derivative of the cost function takes the following meaningfulform

@H r -deplmnt

@x [i ]
(x [1] ; : : : ; x [N ]) = 2Mass(V [i ] \ B (x [i ]; r

2 )) �
�

Centroid (V [i ] \ B (x [i ]; r
2 )) � x [i ] � ; i 2 I :

(Here, as in Appendix I, Mass(S) and Centroid (S) are, respectively, the massand the centroid of S � Rd.)

Clearly, the critical points of H r -deplmnt are network stateswherex [i ] = Centroid (V [i ] \ B (x [i ]; r
2 )) . We call such

con�gurations r
2 -centroidalVoronoi con�gurations.For r � 2diam(Q), they coincidewith the standardcentroidal

Voronoi con�gurationson Q. Fig. 4 illustratesthesenotions.
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Fig. 4. Centroidaland r
2 -centroidalVoronoi con�gurations.The density function � is depictedby a contourplot. For eachagenti , the set

V [i ] \ B (pi ; r
2 ) is plotted in light gray.

Motivated by theseobservations, we de�ne the following deployment task. For r; " 2 R+ , de�ne the "-r -

deploymenttask T" -r -deplmnt: QN ! BooleSet by

T" -r -deplmnt(x) =

8
>>><

>>>:

true ; if



 x [i ] � Centroid (V [i ] \ B (x [i ]; r

2 ))





2 � "; for all i 2 I ;

false ; otherwise.

T" -r -deplmnt(x) = true if andonly if




 x [i ] � Centroid (V [i ] \ B (x [i ]; r

2 ))





2 � "; for all i 2 I :

Roughly speaking,T" -r deplmnt is true for thosenetwork con�gurations whereeachagentis suf�ciently close to

the centroidof an appropriateregion V [i ] \ B (x [i ]; r
2 ).

B. Centroid law

To achieve the"-r -deploymenttaskdiscussedin ExampleIV-A, wede�ne thecentroid controlandcommunication

law CCcentrd. This is a uniform, static, time-independentlaw studiedin [11], [12]. Looselyspeaking,the evolution

of the network underthe centroidcontrol andcommunicationlaw canbe describedas follows:

[Informal description] Communicationroundstake placeat eachnatural instantof time. At eachcom-

municationround eachagentperformsthe following tasks:(i) it transmitsits position and receives its

neighbors'positions;(ii) it computesthe centroidof an appropriateregion (the region is the intersection
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betweenthe agent's Voronoi cell and a closedball centeredat its position and of radius r
2 ), and (iii) it

moves toward this centroid.

Let us presentthis descriptionin more formal terms.We set T = N0, L = Rd, and msg[i ] = msgstd, i 2 I . We

de�ne the control function ctl : Rd � Rd � L N ! Rd by

ctl(x; xsmpld; y) = Centroid (X ) � xsmpld;

whereX = Q\ B (xsmpld; r
2 )\

�
\ p2 � L (y ) H x smpld;p

�
andH x smpld;p is thehalf-spacef q 2 Rd j kq� xsmpldk2 � kq� pk2g.

Onecanshow that QN is a positively-invariantset for this control law.

The following theoremon the centroid control and communicationlaw summarizesthe known resultsabout

the asymptoticpropertiesand the novel resultson the complexity of this law. In characterizingcomplexity, we

assumediam(Q) is independentof N , r and" , andwe do not calculatehow the boundsdependon r . As for the

circumcenterlaw, we provide completetime-complexity resultsfor the cased = 1.

Theorem IV.1 (Time complexity of centroid law) For r 2 R+ and " 2 R+ , considerthe networkSRd ,r -LD with

initial conditionsin Q. The following statementshold:

(i) for d 2 N, the law CCcentrd achievesthe "-r -deploymenttaskT" -r -deplmnt;

(ii) for d = 1 and � = 1, TC( T" -r -deplmnt; CCcentrd) 2 O(N 3 log(N " � 1)) . �

Proof: Fact (i) is proved in [12] for d 2 f 1; 2g andit is clearthat thesameproof techniquecanbegeneralized

to any dimension.In what follows we sketch the proof of fact (ii). For d = 1, Q is a compactinterval on R, say

Q = [q� ; q+ ].

We startwith a brief discussionaboutconnectivity. Note that in the r -limited Delaunaygraph,two agentson the

line that areat mostat a distancer from eachotherareneighborsif andonly if thereareno otheragentsbetween

them. Additionally we claim that, if agentsi and j are neighborsat time instant `, then j Centroid (X [i ](`)) �

Centroid (X [j ](`)) j � r . To see this, assumewithout loss of generality that x [i ](`) � x [j ](`). Let us consider

the casewherethe agentshave neighborson both sides(the other casescan be treatedanalogously).Let x [i ]
� (`)

(respectively, x [j ]
+ (`)) denotethepositionof theneighborof agenti to the left (respectively, of agentj to the right).

Now, we have

Centroid (X [i ](`)) =
1
4

(x [i ]
� (`) + 2x [i ](`) + x [j ](`)) ; Centroid (X [j ](`)) =

1
4

(x [i ](`) + 2x [j ](`) + x [j ]
+ (`)) :
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Therefore,j Centroid (X [i ](`)) � Centroid (X [j ](`)) j � 1
4

�
jx [i ]

� (`) � x [i ](`)j+ 2jx [i ](`) � x [j ](`)j+ jx [j ](`) � x [j ]
+ (`)j

�
�

r . This implies that agentsi and j are in the sameconnectedcomponentof the r -limited Delaunaygraphat time

instant` + 1.

Next, let us considerthe casethat E r -LD(x0) is connected.Without loss of generality, assumethat the agents

are orderedfrom left to right accordingto their identi�er, that is, x [1] (0) = (x0)1 � � � � � x [N ](0) = (x0)N . We

distinguishthreecasesdependingon the proximity of the leftmostand rightmostagents1 andN , respectively, to

the boundaryof the environment:(a) both agentsare within a distance r
2 of @Q; (b) noneof the two is within a

distancer
2 of @Q; and(c) only oneof the agentsis within a distancer

2 of @Q. Here is an importantobservation:

from one time instant to the next one, the network con�guration can fall into any of the casesdescribedabove.

However, becauseof the discussionon connectivity, transitionscanonly occur from case(b) to eithercase(a) or

(c); and from case(c) to case(a). As we show in the following, for eachof thesecases,the network evolution

underCCcentrd canbe describedasa discrete-timelinear dynamicalsystemwhich respectsagents'ordering.

Let us considercase(a). In this case,we have

x [1] (` + 1) =
1
4

(x [1] (`) + x [2] (`)) +
1
2

q� ; x [2] (` + 1) =
1
4

(x [1] (`) + 2x [2] (`) + x [3] (`)) ; : : : ;

: : : ; x [N � 1](` + 1) =
1
4

(x [N � 2](`) + 2x [N � 1](`) + x [N ](`)) ; x [N ](` + 1) =
1
4

(x [N � 1](`) + x [N ](`)) +
1
2

q+ :

Equivalently, we canwrite x(` + 1) = Aa � x(`) + ba, wherethe N � N -matrix Aa andthe vectorba aregiven by

Aa =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
4

1
4 0 : : : : : : 0

1
4

1
2

1
4 : : : : : : 0

0 1
4

1
2

1
4 : : : 0

...
...

...
...

...

0 : : : : : : 1
4

1
2

1
4

0 : : : : : : 0 1
4

1
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; ba =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
2 q�

0

...

0

1
2 q+

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

Note that the only equilibrium network con�guration x � respectingthe orderingof the agentsis given by

x [i ]
� = q� +

1
2N

(1 + 2(i � 1))(q+ � q� ) ; i 2 I ;

and note that this is a r
2 -centroidalVoronoi con�guration (under the assumptionof case(a)). We can therefore

write (x(`) � x � ) = Aa(x(` � 1) � x � ). Now, note that Aa = ATrid �
N

�
1
4 ; 1

2

�
. TheoremA.4(ii) in [1] implies that
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lim ` ! + 1
�
x(`) � x �

�
= 0, and that the maximum time requiredfor kx(`) � x �






2 � "kx(0) � x � k2 (over all

initial conditionsx(0) 2 RN ) is �
�
N 2 log" � 1

�
. It is not obvious, but it canbe veri�ed, that the initial condition

providing the lower boundin the time complexity estimatedoesindeedhave the propertyof respectingthe agents'

ordering;this fact holds for all threecases(a), (b) and(c).

Thecase(b) canbetreatedin thesameway. Thenetwork evolution takesnow theform x(` + 1) = A b � x(`) + bb ,

wherethe N � N -matrix Ab andthe vectorbb aregiven by

Ab =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3
4

1
4 0 : : : : : : 0

1
4

1
2

1
4 : : : : : : 0

0 1
4

1
2

1
4 : : : 0

...
...

...
...

...

0 : : : : : : 1
4

1
2

1
4

0 : : : : : : 0 1
4

3
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; bb =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1
4 r

0

...

0

1
4 r

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

In this case,a (non-unique)equilibrium network con�guration respectingthe orderingof the agentsis of the form

x [i ]
� = ir �

1 + N
2

r ; i 2 I :

Note that this is a r
2 -centroidalVoronoi con�guration (underthe assumptionof case(b)). We can thereforewrite

(x(`)� x � ) = Ab(x(` � 1)� x � ). Now, notethatAb = ATrid+
N

�
1
4 ; 1

2

�
. Wecomputexave = 1

N 1T (x0� x � ) = 1
N 1T x0.

With this calculation,TheoremA.4(i) in [1] implies that lim ` ! + 1
�
x(`) � x � � xave1

�
= 0, andthat themaximum

time required for kx(`) � x � � xave1





2 � "kx(0) � x � � xave1k2 (over all initial conditionsx(0) 2 RN ) is

�
�
N 2 log" � 1

�
.

Case(c) needsto be handleddifferently. Without loss of generality, assumethat agent1 is within distance r
2

of @Q andagentN is not (the othercaseis treatedanalogously).Then,the network evolution takesnow the form
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x(` + 1) = Ac � x(`) + bc, wherethe N � N -matrix Ac andthe vectorbc aregiven by

Ac =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
4

1
4 0 : : : : : : 0

1
4

1
2

1
4 : : : : : : 0

0 1
4

1
2

1
4 : : : 0

...
...

...
...

...

0 : : : : : : 1
4

1
2

1
4

0 : : : : : : 0 1
4

3
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; bc =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
2 q�

0

...

0

1
4 r

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

Note that the only equilibrium network con�guration x � respectingthe orderingof the agentsis given by

x [i ]
� = q� +

1
2

(2i � 1)r ; i 2 I ;

and note that this is a r
2 -centroidalVoronoi con�guration (underthe assumptionof case(c)). In order to analyze

Ac, we recastthe N -dimensionaldiscrete-timedynamicalsystemasa 2N -dimensionalone.To do this, we de�ne

a 2N -dimensionalvectory by

y[i ] = x [i ]; i 2 I ; and y[N + i ] = x [N � i +1] ; i 2 I ; (8)

Now, one can seethat the network evolution can be alternatively describedin the variables(y [1] ; : : : ; y[2N ]) as a

linear dynamicalsystemdeterminedby the 2N � 2N matrix ATrid �
2N ( 1

4 ; 1
2 ). Using analogousargumentsto the

onesusedbeforeandexploiting the chainof equalities(8), we cancharacterizethe eigenvaluesandeigenvectorsof

Trid2N � 1( 1
4 ; 1

2 ; 1
4 ), andinfer that,even for case(c), themaximumtime requiredfor kx(`) � x �






2 � "kx(0) � x � k2

(over all initial conditionsx(0) 2 RN ) is �
�
N 2 log" � 1

�
.

In summary, for all threecases(a), (b) and(c), our calculationsshow that, in time O
�
N 2 log" � 1

�
, the error 2-

normsatis�esthecontractioninequalitykx(`) � x �





2 � "kx(0) � x � k2. We convert this inequalityon 2-normsinto

an appropriateinequalityon 1 -normsasfollows. Note that kx(0) � x � k1 = maxi 2 I jx [i ](0) � x [i ]
� j � (q+ � q� ).

For ` of orderN 2 log � � 1, we have

kx(`) � x � k1 � kx(`) � x � k2 � � kx(0) � x � k2 � �
p

N kx(0) � x � k1 � �
p

N (q+ � q� ):

Thismeansthat" -r -deploymentis achievedfor �
p

N (q+ � q� ) = " , thatis, in timeO(N 2 log � � 1) = O(N 2 log(N " � 1)) .

Up to here we have proved that, if the graph (I ; E r -LD(x0)) is connected,then TC(T" -r -deplmnt; CCcentrd) 2

O(N 2 log(N " � 1)) . If (I ; E r -LD(x0)) is not connected,note that along the network evolution there can only be
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a �nite numberof time instants,at mostN � 1 wherea merging of two connectedcomponentsoccurs.Therefore,

the time complexity is at mostO(N 3 log(N " � 1)) .

V. CONCLUSIONS

Building on theframework proposedin thecompanionpaper[1] to modelandanalyzeroboticnetworks,we have

formalizedvariousmotion coordinationalgorithms:the move-toward-averageandthe circumcenterlaws, achieving

the rendezvous task,andthe centroidlaw, achieving the deployment task.We have computedthe time complexity

of thesealgorithms,providing upperand lower boundsas the numberof agentstendsto in�nity . To obtain these

complexity estimates,we have developedsomenovel analysismethodsinvolving linear dynamicalsystemsde�ned

by tridiagonal Toeplitz and circulant matrices.Theseresultsdemonstratethe usefulnessof the proposedformal

model.We hopethat they will helpassessthecomplex trade-offs betweencomputation,communicationandmotion

control in robotic networks.

A numberof researchavenueslook now promisingand exciting. In this paper, our analysisresultsessentially

consistof a time-complexity analysisof somebasicalgorithms,but many moreopenalgorithmicquestionsremain

unresolved including (i) analysisof the communicationcomplexity for unidirectionaland omnidirectionalmodels

of communication;(ii) analysisof otherknown algorithmsfor �ocking, cohesion,formation,motion planningand

a long etcetera;and(iii) complexity analysisresultsfor coordinationtasks,asopposedto for algorithms.
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APPENDIX I

BASIC GEOMETRIC NOTIONS

Herewe have gatheredvariousgeometricconceptsusedthroughoutthe paper. Let S � Rd, d 2 N, be compact.

Thecircumcenterof S, denotedby Circum(S), is thecenterof thesmallest-radiusspherein Rd enclosingS. Given

an integrablefunction � : S ! R+ , the massof S is Mass(S) =
R

S � (q)dq, and the centroid of S is

Centroid (S) =
1

Mass(S)

Z

S
q� (q)dq:

A partition of S is a collectionof subsetsof S with disjoint interiorsandwhoseunionis S. Givena setof N distinct

pointsP = f pi gi 2f 1;:::;N g in S, the Voronoi partition of S generatedby P (with respectto the Euclideannorm) is

the collectionof setsf Vi (P)gi 2f 1;::: ;N g de�ned by Vi (P) = f q 2 S j kq� pi k2 � kq � pj k2 ; for all pj 2 Pg. We

usually refer to Vi (P) asVi . For a detailedtreatmentof Voronoi partitionswe refer to [24], [23].

For I = f 1; : : : ; N g and S � Rd, a proximity edge map is a map of the form E : SN ! 2I � I ndiag ( I � I ) . For

r 2 R+ , we de�ne the r -disk proximity edgemap E r -disk : (Rd)N ! 2I � I and the r -limited Delaunayproximity

edgemapE r -LD : (Rd)N ! 2I � I as follows. An edge(i; j ) 2 I � I n diag(I � I ) belongsto E r -disk(x1; : : : ; xN )

if andonly if kx i � x j k2 � r . An edge(i; j ) 2 I � I n diag(I � I ) belongsto E r -LD(x1; : : : ; xN ) if andonly if

�
Vi \ B (x i ; r

2 )
�

\
�
Vj \ B (x j ; r

2 )
�

6= ; ;

wheref V1; : : : ; VN g is the Voronoi partition of Rd generatedby f x1; : : : ; xN g. Illustrationsof theseconceptsare

given in Fig. 5.

As proved in [12], the r -limited Delaunaygraph and the r -disk graph have the sameconnectedcomponents.

Additionally, the r -limited Delaunaygraphis “computable”on the r -disk graphin the following sense:any nodein

thenetwork cancomputethesetof its neighborsin ther -limited Delaunaygraphif it is giventhesetof its neighbors
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PSfragreplacements

r -disk graph

r -lim. Delaunaygraph

PSfragreplacements

r -disk graph

r -lim. Delaunaygraph

Fig. 5. The r -disk andr -limited Delaunaygraphsin R2 .

in the r -disk graph.This implies thatany control andcommunicationlaw for a network with communicationgraph

E r -LD canbe implementedon a analogousnetwork with communicationgraphE r -disk.
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