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Abstract— This paper analyzes a number of basic coordina- Satement of contributions: The companion paper [2]
tion algorithms running on synchronous robotic networks. We  proposes a general framework to model robotic networks and
provide upper and lower bounds on the time complexity of the = 5 maly analyze their behavior. In particular, this work-d
move-toward average and circumcenter laws, both achieving .. . . S ! . .
rendezvous, and of the centroid law, achieving deployment over fines notl_ons of time and communication complexity a.|med
a region of interest. The results are derived via novel analysis at capturing the performance and cost of the execution of
methods, including a set of results on the convergence rates of motion coordination algorithms. Building on these notions
linear dynamical systems defined by tridiagonal Toeplitz and here we establish complexity estimates for various basic
circulant matrices. motion coordination algorithms that achieve rendezvous an

I. INTRODUCTION deployment. First, we analyze a simple averaging law for a
Problem motivation: Although recent years have wit- N€twork of locally-connected agents moving on a line. This

nessed the emergence of numerous coordination algorithtAY i related to the widely known Vicsek's model, see [13],
for networked mobile systems, the fundamental limits id19]- We show that this law achieves rendezvous (without
terms of achievable performance, energy consumption af§€S€rving connectéwty) and that its time complexity logjs
operational time remain largely unknown. This is partiallyl® (V) and O(N”). Second, for a network of locally-
explained by the inherent difficulty in integrating the wars CONnected agents moving on a line or on a segment, we show
sensing, computing and communication aspects of problerfdt the well-known circumcenter algorithm by [S] has time
involving groups of mobile agents. In this paper, we considé®mplexity of order©(NV). (This algorithm achieves ren-
the problem of analyzing the performance of several COoplezvous_ while pzres_ervmg connectivity ywth a communiaatio
dination algorithms achieving rendezvous and deploymerf@pPh WithO(N=) links.) We then consider a network based
To this goal, we rely on the general framework proposefn @ different communication graph, called the limited De-

in the companion paper [2] to formally model the behaviol2Unay graph, that arises naturally in computational gégme

of robotic networks. Our research effort aims at developing:?OI in the study of wireless communication topologies. For
{

tools and results to assess to what extent coordination &S 1€ss dense graph wil(IV) communication links, we
gorithms are scalable, and implementable in large networR§1OW that the time complexity of the circumcenter algorithm
of mobile agents. Ultimately, we would like to characterized"OWs to ©(N*log V). For a network of agents moving
the minimum amount of communication, sensing and contr@" R” (with @ certain communication graph) we introduce
that is necessary to reliably perform a desired task, and fe"nove!l “parallel-circumcenter algorithm” and establish i
would like to design algorithms that achieve those limits. ime complexity of order©(N). Third and last, for a
Literature review: A survey on cooperative mobile network of agents in a ong-dlmensmnal environment, we
robotics is presented in [3] and an overview of control an§now that the time complexity of the deployment algorithm
communication issues is contained in [4]. Specific topicdtroduced in [11]isO(N?log N). To obtain these complex-
related to the present treatment include rendezvous [§], [6YY €stimates, we develop some novel analysis methods. In
[7], [8], [9], cyclic pursuit [10], deployment [11], [12], dick- particular, we develop_a_key set of resglts on Iln_ear dynal‘nlc_
ing [13] and consensus [14], [15]. The papers [16], [17]][18SYSteMS defined b)_/ tr|d|agonal Toeplitz and circulant matri
discuss convergence rates of various motion coordinatidi¢S that characterize their convergence rates as a function
algorithms. See the aforementioned works for references 8 the matrices dimensions. The interested reader is egferr
additional cooperative strategies designed to perfornerotht© [1] for a complete discussion of the proofs of all results

spatially-distributed tasks. presented in this manuscript.
Organization: Section Il develops some key facts about
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various coordination algorithms that achieve them. FohbotLemma II.1 (Eigenvalues of tridiagonal Toeplitz and cir-
problems, we establish the asymptotic correctness of tlelant matrices) For N > 2 and a, b, ¢ € R, the following
proposed algorithms, and characterize their time comiylexi statements hold:

Finally, we present our conclusions in Section VI. In the () for ac # 0, the eigenvalues and eigenvectors of

appendix, we review some basic computational geometric Tridy(a,b,c) are, for i € {1,..., N},
structures employed along the discussion. 1
Notation: We let Bool eSet be the set (2) "7 sin ( 355
{true,fal se}. Welet[],.; ;S denote the Cartesian ‘ a\2/2 ; ( 2in
g FEEES) o a T (E) Sin N+1
product of setsSi,...,Sy. We let R, and R, denote b+ 2c4/ — cos I , ;
the set of strictly positive and non-negative real numbers, ¢ +1 :
respectively. The set of of positive natural numbers is tisho (Q)N/2 in ( Nim )
c N+1

by N and Ny denote the set of non-negative integersSIf
is a set, thenliag(S x S) = {(s,s) € S x S| s € S}. For  (ii) the eigenvalues and eigenvectors of Circy (a, b, ¢) are,

z € R, we let |z] denote the floor ofc. For z € R?, we for w = exp(%‘ﬁ) and for i € {1,..., N},

denote by||z|» and||z|« the Euclidean and thec-norm _ ‘

of z, respectively. Recall thafz|., < |z]ls < Vd|=| b <Z27T> . (ZQW)
0 © +(a+c)cos| — | +vV—-1l(c—a)sin| — |,

for all z € R%. Forz € R? andr € R, we let B(z,r) ( ) N ( ) N

and B(z, r) denote the open and closed balli¢ centered and (1,0, ..., w(N-Di)T .

at x of radius r, respectively. We lete,...,e; be the

standard orthonormal basis d@&¢. Also, we define the ) ) )
vectors0 = (0,...,0)7 and1 = (1,...,1)7 in R Remarks 1.2 (i) The set of eigenvalues @fridy (a, b, ¢)

For f,g: N — R, we say thatf € O(g) (respectively, is contained in the real intervé — 2\/ac, b + 2+/ac],

: : if ac > 0, and in the interval in the complex plane
f € Q(g)) if there existNy, € N and k& € R, such : :
that |f(N)| < k|g(N)| for al N > N, (respectively, [b—2v—1y/|ac|,b+ 2v—1/]ac]], if ac <0.

IF(N)] > klg(N)| for all N > No). If f € O(g) and (i) The set of eigenvalues ofircy(a,b,c) is _contained
f € Q(g), then we use the notatiof € O(g). Finally, we in the ellipse on the complex plane with center

refer the reader to Appendix | for some useful geometric  Nhorizontal axis2a + c| and vertical axi2|c — a|.
concepts. (i) Recall from [20] that (1) a square matrix is normal

if it has a complete orthonormal set of eigenvec-
tors, (2) circulant matrices and real-symmetric ma-
trices are normal, and (3) if a normal matrix has
eigenvalues{ Ay, ..., A\, }, then its singular values are

This section reviews some basic facts about certain classes  {IA1l;- -, [Anl}. .
of Toeplitz matrices, see [20], and other general resulis th
we later employ. ForN > 2 and a,b,c € R, define the
N x N Toeplitz matricesIridy(a, b, c) and Circy(a, b, ¢)

Il. TRIDIAGONAL TOEPLITZ AND CIRCULANT
DYNAMICAL SYSTEMS

We can now state the main result of this section.

Theorem 1.3 (Tridiagonal Toeplitz and circulant dy-

b
y namical systems)Let N > 2, ¢ €]0,1[, and a,b,c € R.
b ¢ 0 0 Let 2: Ng — RY and y: Ny — RY be solutions to
@ b 0 x(¢+ 1) = Tridy(a, b, ) z(¢),
Tridy(a,b,c) = |1 .. . . i,
0 a b ¢ and )
0 0 b y(£ +1) = Circy(a, b, c) y(€),
and with initial conditions z(0) = x¢ and y(0) = yo, respec-
tively. The following statements hold:
0 ... ... 0 a () ifa=c#0and|b|+2lal = 1, then limy_ 4o 2(£) =
0 ... ... 0 0, and the maximum time required for ||z(0)]s <
Cirey(a,b,c) = Tridn(a,b,c) + |+ = = o . elloll2 (over all initial conditions 2, € RY) is
0 0 ... 0 0  O(N?loge™);
c 0 ... 0 0 (i) ifa#0,c=0and0 < |b] <1,thenlim, 4o z(f) =
0, and the maximum time required for ||z(¢)|2 <
The matricesIrid y andCircy are tridiagonal and circulant, gllzoll2 (over all initial conditions zo € RY) is
respectively. The two matrices only differ in theft, N) ~  O(NlogN +loge™?);
and (N, 1) entries. Note our convention thaty(a,b,c) = (i) ifa > 0, ¢ >0,b>0,and a +b+c = 1, then
b a+tc limy— 100 Y(€) = Yavel, Where yae = %1Ty0, and
at+c b | the maximum time required for ||y(¢) — yavelll2 <



ellyo — vavel||2 (over all initial conditions y, € RY) [1l. SYNCHRONOUS ROBOTIC NETWORKS

i 2 —1 .
is ©(N?loge™). ° The companion paper [2] proposes a formal model for
Next, we extend these results to another interesting set @Potic networks, and defines notions of control and com-
matrices. Foiv > 2 anda. b € R. define thelV x N matrices Munication laws, coordination tasks, and time and communi-
ATrid% (a,b) and ATridy (a, b) by cation _com_plexny. Fpr the sake of co.mpleteness, we present
here simplified versions of these notions.

a 0 ... ... O
o 0 ... ... 0 Definition 111.1 A uniform network of robotic agentgor
ATrid% (a,b) = Tridy (a, b, a) + i ., .. .. i|. robotic networlk S isatuple (1, A, Ecmm) consisting of
0O ... ... 0 0 (i) I={1,...,N}; I iscalled the set of unique identi-
0O ... ... 0 a fiers (UIDs)
. ii = {Al1Y}; ith All = (X, U, Xy, f), is a set of
If f (”) A {A }1611 Wi At 05 ’
we define _ - identical control systems; this set is called the set of
11 0 0 physical agents
-1 1 0 .. 0 (iii) Ecmm is a map from J],.; X to the subsets of I x
p 1o -1 1 ..0 I\ diag(I x I); this map is called the communication
T edge map .
1 0 ... 0 -1 1
1 0 ... 0 0 -1 Definition 111.2 A (synchronous, static, uniform, feedback)
and ) B control and communication la@C for S consists of the sets:
- Lo o 0 () T = {ts}een, C R, isanincreasing sequence of time
1 11 0 0 instants, called communication schedule
*1 0 1 1 0 (i) L is a set containing the nul | element, called the
p - communication languageelements of L are called
- : KT ’ messages
(-)¥2 0 ... 0 1 1 and of the maps:
(=¥t 0 ... 0 0 1] () msg: T x X x I — L is called message-generation
then the following similarity transforms are satisfied: function
b+ 2a 0 (i) ctl: Ry x X x X x LV — U, i € I, is called control
-t _ -1 ;
ATridy(a,b) = Py { 0  Tridy_1(a,b, a)] o 1 function *
ATvid=(a.b) — P b—2a 0 p-1 (1) A control and communication la@w(C is said to betime-
ridy (a,b) = P- 0 Tridy—1(a,b,a)| " = ° independent if the message-generation and control functions
. N
To analyze the convergence properties of the dynamicgfe of the form msg.X xJ — L and ¢tk X x X x L™ — U,

systems determined b{Trid}; (a,b) and ATridy (a, b), we respectively.

recall that1? = (1,...,1) € RY, and we definel . =

(1,=1,1,..., (=D)N=2, (—)N-1)T ¢ RV, Definition 111.3 The evolution of (S,CC) from initial con-

diions z' € Xol', i € I, is the set of curves
Theorem 1.4 Let N > 2,¢ €]0,1[,anda,b € Rwitha # 0 ﬂ;W: [te,teya] — X, i € I, £ € No, and wlill: T — W,
and |b| + 2|a| = 1. Let z: Ny — RN and z: Ny — RN be %€ [, satisfying

solutions to (1) = £(24(8), eti(e, 2l4(), 24 (), 510 (1)),

(0 +1) = ATridy (0, b) (0), where, for ¢ € Ny, and i € I,

and x[i],é(té) _ x[i],@—1(t£) ’

z(0 4+ 1) = ATridy(a, b) 2(£),

with initial conditions z(0) = x and z(0) = 2, respec-  With the convention zl-~(ty) = z. Here, the function

tively. The following statements hold: yi: T — LN (describing the messages received by agent i)
() limy oo (2(£) — Tad£)1) = O, Where zae(l) = has components .- (t,), for j € I, given by
(£17z0)(b + 2a)¢, and the maximum time required [, -1 ,
for [(0) — ral €)1z < ellzo — rael0)1])> (over al b (fe) = msdle, 2 (k). 6
initial conditions 2y € RY) is ©(N?loge™!); it (i,j) € Egun(@1(t), ..., aN1(1,)) and
(i) Time oo (2(€) — zae(£)1-) = 0, where zae(f) = yl(1,)— nul | otherwise. .

(%1% 20)(b — 2a)*, and the maximum time required

for [[2(6) — Zawel0)1-[l2 = €ll20 ~ zave(0)1[l2 (OVe'  Remarks IIl.4 (Related concepts and notations)To  dis-
all initial conditions zo € RY) is ©(N?loge™"). e  {ingyish between thewl | and the nomul | messages



received by an agent at a given time instant, it is convenientc I, the corresponding network evolution ¢ — «(t) has the
to define thenatural projection 7, : LY — 2L that maps an property that there exists 7 € R, such that 7(z(t)) =t r ue
array of messagesg to the subset of. containing only the for all ¢ > T. .
nonnul | messages i.

In many uniform control and communication laws, the The notions of time and communication complexity de-
messages interchanged among the network agents are (qmibe the performance and cost of a control and communi-
tized representations of) the agents’ states. The comespo cation law completing a certain coordination task. Here, we
ing communication language 5 = X and message gen- focus on time complexity.
eration function msgy: T x X x I — X is referred to as
the standard message-generation function and is defined by Definition 111.9 (Time complexity) Let S be a robotic net-
mMsQq(t, @, j) = . * work, let 7 be a coordination task for S and let CC be a

control and communication law for S.
Let us now introduce some useful examples of robotiC

networks. We start with a fairly common example and define () The time complexny to achieve with CC from zo €

some interesting variations. HzeIX

Example 111.5 (Locally-connected first-order agents in TC(7,CC,x0) = inf {¢ |

R9) ConsiderN pointsz!), ... z[Nl in the Euclidean space T(z(ty)) =true, for all k > ¢},
RY, d > 1, obeying a first-order dynamicsl!(t) =

ull(t). These are identical agents of the form = where ¢ — (x(t)) is the evolution of (S,CC) from .

(RY,RY,R%,(0,e1,...,e4)). Assume that each agent can (ii) Thetime complexity to achievg with CC is
communicate to any other agent within Euclidean distance

. . . . _ [i]
that is, adopt as communication edge maprtiakisk proxim- TC(7,CC) = sup {TC(Z CC, o) | mo € HXO } :
ity edge mapF,gisk defined in Appendix I. These data define i€l
the uniform robotic networkSpa , gy = (1, A, Erdisk).- ~ ®  (iii) The time complexity of7 is
Example 111.6 (LD-connected first-order agents in R¢%) TC(7)=inf{TC(7,CC) | CC achieves T}. e
Consider the set of physical agents defined in the previous
example. For- € R.,, recall from Appendix | the-limited IV. RENDEZVOUS
Delaunay mapt,..p defined by In this section, we introduce rendezvous coordinationgask
. MV ; and analyze various coordination algorithms that achieve
(l’j)sET Lo (« ' ) if and only if them, providing upper and lower bounds on their time
(VI B, g) ) ( B2V, 5)) #£0, i # j, complexity. Along the section, we will consider the netwerk
where {V!l NI} is the Voronoi partition ofR? gen- f§;"’.'ﬂisé and Sge,,. p presented in Example IIl.5 andSec-
erated by{az[” ..,:c[N} These data define the uniform e
robotic networkSga . n = (I, A, Eyr1p). * A Rendesvous tasks

Example 1.7 (Locally- co-connected first-order agents  First, letS = (I, A, Ecmm) be a uniform robotic network.
in R%) Consider the set of physical agents defined in th&he (exact) rendezvous task Trnazvs: X — Bool eSet for

previous two examples. For € R, define the proximity S is the static task defined bfingndz!!, ..., zM) =t rue
edge mapF,..-gisk by if and only if
(1,7) € Erodisc(aV, ..., ™) if and only if 2l = 201 for all (i, j) € Eqmm(z, ..., zIV)).
o — 2o <, i # . Second, letS = (I, A, Ecmm) be a uniform robotic network
These data define the uniform robotic netwstk , __ i = wi_th agents’ state spac& C RY. Examples networks of
(I, A, Ey-oondisk)- ’ o this form areSga, 4q. See Examples I11.5 and 1V-B, and

Sga .1 p, S€€ Examples 111.6. For > 0, the e-rendezvous

In order to analyze the performance of a communicatiotask 7;.mdzvs: X~V — Bool eSet for S is defined by
and control law, we first define the notion of coordinationZ;.ng,(z) = t r ue if and only if
task, and of task achievement by a robotic network.
[ = avrg ({alT} U {1 | (i, 5) € Benm(@)})]|| <.
Definition 111.8 (Coordination task) Let S be a robotic 2
network and let WV be a set. A (static) coordination task for all i € I. Herez = (2!, ..., zIM) e XN ¢ (R)N. In
for Sisamap 7: [[,.; X! — Bool eSet . Additionally,  other words,Zz mazsis t r ue atz € (RN if, for all i € I,
let CC a control and communication law for S. Thelaw CC 2l is at distance less than from the average of its own
achievesthe task 7 if for all initial conditions a:g] e x1, position with the position of it¥;nn-neighbors.



B. Rendezvous without connectivity via the move-toward- C. Rendezvous with connectivity constraint via the circum-
average control and communication law center control and communication law

From Example III.5, consider the uniform network Here we define theircumcenter control and communica-
Sga,qisx Of locally-connected first-order agents Rf'. We  tion law CCerementr for both networksSga , g @ndSga . .
now define a static, uniform and time-independent law thafthis is a uniform, static, time-independent law originally
we refer to as the move-toward-average law and that wetroduced by [5] and later studied in [7], [9]. Loosely skea

denote byCCawg We loosely describe it as follows: ing, the evolution of the network under the circumcenter
[Informal description] Communication rounds take control and communication law can be described as follows:
place at each natural instant of time. At each com- [Informal description] Communication rounds take
munication round each agent transmits its position. place at each natural instant of time. At each
Between communication rounds, each agent moves communication round each agent performs the
towards and reaches the point that is the average following tasks: (i) it transmits its position and
of its neighbors’ positions; the average point is receives its neighbors’ positions; (ii) it computes
computed including the agent’s own position. the circumcenter of the point set comprised of its

Next, we formally define the law as follows. First, we take ~ neighbors and of itself, and (iii) it moves toward
T = N, and we assume that each agent operates with the this circumcenter while maintaining connectivity

standard message-generation function, i.e., weLset R? with its neighbors.
and msgzx, j) = msguy(z,j) = x. Second, we define the Let us present this description in more formal terms. We
control function ctt RY x R? x LY — R? by setT = Ny, L = R?, and ms§! = msgq, 7 € I. In order
to define the control function, we need to introduce some
ctl(z, zsmpid, y) = —kprop vers (z — avrg(y U {zsmpia})),  preliminary constructions. First, connectivity is maintd

by restricting the allowable motion of each agent in the
following appropriate manner. If agentsind;j are neighbors
at time/ € Ny, then we require their subsequent positions to

where kprop > 7, vers: R¢ — R% is defined byvers(0) = 0
andvers(v) = v/||v||2 for v # 0, and the mapvrg computes
the average of a finite point set &’

belong toﬁ(w, 5). If an agenti has its neighbors
avrg(S) = 1 Z ’. at Iocations{ql,...,ql.} at time ¢, then its constraint set
Z 1 pEmR(S) Dyia (2),7"({(11’ ) ql}) 1S
pemr(S) [l] (f) +
X q T
In summary we se€Cayrg = (No, R4, msg,, ctl). An imple- Dy (Z),r({(ha coq)) = ﬂ B( 2 ’ 5)'
mentation of this control and communication law is shown a€{a,at

in Fig. 1 ford = 1. Note that, along the evolution, (1) severalSecond, in order to maximize the displacement toward the
agentsrendezvous, i.e., agree upon a common location, anctircumcenter of the point set comprised of its neighbors and
(2) some agents are connected at the simulation’s beginning itself, each agent solves a convex optimization problem
and not connected at the simulation’s end. Finally, we rémathat can be stated in general as follows. grand ¢; in
that this law is related to the Vicsek's model discusse®k“, and for a convex closed s€ c R? with ¢ € Q,

in [13], [19]. e let A\(qo,q1,Q) denote the solution to the strictly convex
problem:

g % maximize A

2 2 subject toA < 1, (1 —A)go + Aq1 € Q.

% % Under the stated assumptions the solution exists and is

1 1 unique. Third, note that since the agents operate with the

standard message-generation function, it is clear that the
Fig. 1. Evolution of a robotic network under the move-towasdrage Natural projectionrps maps the messagesg’ (¢) received
control and communication law in Example IV-B implemented overith gt time ¢ ¢ Ny by the agent € I onto the positions of its
disk graph, withr = 1.5. The vertical axis corresponds to the elapsed time _ . . s
and the horizontal axis to the positions of the agents in & line. The heighbors. We are now.ready to define the .IaSt constitutive
51 agents are initially randomly deployed over the interall 5, 15]. element ofCCerements Define the control function ctlR¢ x
R? x LN — R? by
The next result characterizes the complexity of this law, .
: | =\, - _
The proof can be found in [1]. CU(, smpiey y) = A+ (Clreum(mga (y) U{ Zsmpio}) Ismp'z‘)zs
with A, = A @smpig, (Circum(mra(y) U {@smpia}),
Theorem IV.1 For d = 1, the network Sga, g the law — p_  (7..(y))). Evolving under this control law, it
CCayrg and the task Tidzvs Satisfy TC(Tmdzvs CCawig) € is clear that, at timet| + 1, each agent reaches the point

O(N?) and TC/(Tndzvs CCavg) € AN). (1= X)alil([¢]) + A, Civeum (g (yP([£]) U {2 ([£])}).



Next, we consider the networl§,....qisk Of locally-oo-
connected first-order agents iR?, see Example II.7.
For this network we define thparallel circumcenter law,
CCpll-crements DY designingd decoupled circumcenter laws
running in parallel on each coordinate axisksf. As before,

this law is uniform, static and time-independent. As before

we setT = Ny, L = R%, and ms§! = msq,, i € I. We
define the control function ctiR? x R? x LV — R? by

Ctl(.]f, xsmpldv y) = ( Circum(Tl (M)) — T (stmD'd)v

..., Circum(74(M)) — 7a(zsmpl )), 3)

where M = mpa(y) U {@smpia}, and 71,...,74: R — R
denote the canonical projections Bf onto R. See Fig. 2
for an illustration of this law inR2.

Fig. 2. Parallel circumcenter control and communication laiRfh The
target point for the ageni is plotted in light gray and has coordinates
(Circum (1 (M), Circum (2 (MI))).

Asymptotic behavior and complexity analysis: The follow-

Theorem IV.3 (Time complexity of circumcenter law)
For » € R4 and ¢ €]0, 1], the following statements hold:

(i) for d = 1, on the network Sg-disk:
TC(Zimdzvs Cccrcmcntr) € O(N);
(iiy for d = 1, on the network Sg,.1p.

TC(T(re)—rndZVSa CCerementy) € @(N2 10g(N€_1));
(i) for d <€ N, on the network Sga
TC(Trndzvs CCpII—crcmcntr) S @(N)

,r-o0o-disk?
[ ]

Remark IV.4 Theorem IV.3 induces a lower bound on the
time communication complexity of the circumcenter law for
the higher-dimensional case. Indeed, as a consequends of th
result, we have

(i) for d € N, on the network Sg,disk:
TC(Trndzv& Cccrcmcntr) € Q(N)1
(iiy for d € N, on the network Sg,.p,

TC(T(T'E)-rndzvs CCerementy) € Q(N2 log(Ne’l)).
We have performed extensive numerical simulations for the
cased = 2 and the networkSga . g We have ran the
algorithm starting from generic initial configurations (gvh,
in particular, agents’ positions are not aligned) contdine
in a bounded region oR2. We have consistently obtained
that the time complexity to achiev@ngzys With CCerementr
starting from these initial configurations is independeht o
the number of agents. This leads us to conjecture that, in fac
initial configurations where all agents are aligned (i lee, 1t-
dimensional case) give rise to the worst possible perfooman
of the algorithm. In more formal terms, we conjecture that,
for d > 2, TC(Zmdzvs CCerement) = O (V).

V. DEPLOYMENT
In this section, we introduce the deployment coordination

ing theorem summarizes the results known in the literatuf@sk and analyze a coordination algorithm that achieves it,

about the asymptotic properties of the circumcenter law.

Theorem IV.2 (Correctness of the circumcenter law)For

de N, re R, and € € Ry, the following statements hold:
(i) on the network SR _disks the law CCcrementr achieves

the exact rendezvous task Zingzvs

on the network Sgd 1D the law CC¢rementr achieves the

e-rendezvous task 7;.mdzvs

(ii)

(i) on the network Spa, . gise the law CCpi-crementr
achieves the exact rendezvous task Trndzvs
(V) the evolutions of  (Spa, gigw CCorcment),  Of

(SRd,r-LD7 CCCI’CantI’)! and of (S]Rd,r-oo-disw Ccpll—crcmcntr)
have the property that, if two agents belong to the
same connected component of the communication
graph at ¢ € Ng, then they continue to belong to
the same connected component of the communication
graph for all subsequent times k& > /.

Next we analyze the time complexity @fCcement: We
provide complete results for the cage- 1. As we see next,
the complexity oCC¢rementr differs dramatically when applied

to the two robotic networks with different communication

providing upper and lower bounds on its time complexity.
Along the section, we consider the uniform robotic network
Sga .. p Presented in Example 111.6 with parametee R,
We assume we are given a convex simple polytgpe R¢,
with an integrable density functiop: @ — R. We assume
that the initial positions of the agents belong@and we
intend to design a control law that keeps themd(nfor
subsequent times.

A. Deployment task

By optimal deployment on the convex simple polytope
Q c R? with density functiong: Q — R,, we mean
the following objective: place the agents ghso that the
expected square Euclidean distance from any poinfin
to one of the agents is minimized. To define this task
formally, let us review some known preliminary notions;
we will require some computational geometric notions from
Appendix I. We consider the following network objective
function Hgepimnt: @~ — R,

Hdeplmm(x[”,-~-’mm)=/ mei}ll\q—xmlliqb(@dq- (4)
Q 1

graphs. The proof of this result relies on Theorems I.Fhis function and variations of it are studied in the fagilit

and 1.4 (see [1]).

location and resource allocation research literature{2Ee



[11]. It is convenient [12] to study a generalization of receives its neighbors’ positions; (ii) it computes

this function. Forr € R,, define the saturation function the centroid of an appropriate region (the region is
sat,: R — R by sat,.(z) = z if < r andsat,.(x) = r the intersection between the agent’s Voronoi cell
otherwise. Forr € R,, define the new objective function and a closed ball centered at its position and of
H-depimnt: @Y — R by radius 5), and (iii) it moves toward this centroid.

il Let us present this description in more formal terms. We set
lg—z™12) #(q)dg. T =Ny, L =R?, and ms§l = msq,,, i € I. We define the
(5) control function ctl R? x R* x LV — R? by

Hr—deplmn[(x[l], ce ,l'[N]) = / min Sat:(
Q el 2

Note that |f7" Z 2d1am(Q), then Hdep|mnt: H -deplmnt Let Ctl T. T =C 1 _
_ m r . , 16 y) = Centroid(X) — Zsmpid,
(vl .. VINIY pe the Voronoi partition ofQ associated ( e ) . ( >
with {z[1... 2N}, The partial derivative of the cost Where X' = Q N B(zsmpi 5) ﬂd( Npenr,(y) Hagmpop) anNd
function takes the following meaningful form Hgep 1S the half-spaceq € R? | [|g — zsmpidl2 < [lg —
pll2}. One can show thad” is a positively-invariant set for
3Hr—d9plmnt(x[1]7 2Ny = 2 Mass(VE 0 B(zl, 2)). this control law.
Oxlil S _ 2 The following theorem on the centroid control and com-
- (Centroid (VI n B2l 5)) —2ll) | ieT. munication law summarizes the known results about the

asymptotic properties and the novel results on the com-
plexity of this law. In characterizing complexity, we as®im
diam(Q) is independent ofV, r ande, and we do not cal-
culate how the bounds depend ©nAs for the circumcenter
law, we provide complete time-complexity results for the
cased = 1. The proof of this result relies on Theorems 11.3
and 1.4 (see [1]).

(Here, as in Appendix IMass(S) and Centroid(S) are, re-
spectively, the mass and the centroidsof: R<.) Clearly, the
critical points of H,.qepimnt are network states wherdil =
Centroid(VII N B(xl7, £)). We call such configuration-
centroidal Voronoi configurations. Fer> 2 diam(Q), they
coincide with the standard centroidal Voronoi configunasio
on Q. Fig. 3 illustrates these notions.

Theorem V.1 (Time complexity of centroid law) For r €

: Ry and € € Ry, consider the network Spa ., with initial
conditions in @. The following statements hold:

(i) for d € N, the law CCcentrg achieves the e-r-deployment

. ) task Tc-r-deplmnt
. . (i) for d = 1 and ¢ = 1, TC(Z--r-depimnt CCcentrd) €
-4 y O(N3log(Ne™1)). .

V1. CONCLUSIONS
Fig. 3. Centroidal and;-centroidal Voronoi configurations. The density - .
function ¢ is depicted by a contour plot. For each agentthe set Building on the framework proposed in the compan-
VI NB(p;, Z) is plotted in light gray. ion paper [2] to model and analyze robotic networks, we
have formalized various motion coordination algorithnie t
Motivated by these observations, we define the followingnove-toward-average and the circumcenter laws, achieving
deployment task. For,c € R, define thes-r-deployment  the rendezvous task, and the centroid law, achieving the
task 7_r-depimnt: QN — Bool eSet by Te-r-depmn{z) =  deployment task. We have computed the time complexity of
t rue if and only if these algorithms, providing upper and lower bounds as the
; . 1~ i . number of agents tends to infinity. To obtain these compjexit
HIM N Centmld(v[l] QB(IM’ g))H2 <eg foralliel estimates, v3e have developed )s/ome novel analysis n?ethods
Roughly speaking,Z:.,gepimnt i t rue for those network involving linear dynamical systems defined by tridiagonal
configurations where each agent is sufficiently close to thEoeplitz and circulant matrices. These results demorestiat
centroid of an appropriate regidill N B(zl1, £). usefulness of the proposed formal model. We hope that they
, will help assess the complex trade-offs between computatio
B. Centroid law communication and motion control in robotic networks.
To achieve the=-r-deployment task discussed in Exam- A number of research avenues look now promising and
ple V-A, we define thecentroid control and communication exciting. In this paper, our analysis results essentialysist
law CCeentra This is a uniform, static, time-independent lawof a time-complexity analysis of some basic algorithms, but
studied in [11], [12]. Loosely speaking, the evolution 0éth many more open algorithmic questions remain unresolved
network under the centroid control and communication lawhcluding (i) analysis of the communication complexity for
can be described as follows: unidirectional and omnidirectional models of communica-
[Informal description] Communication rounds take tion; (ii) analysis of other known algorithms for flocking,
place at each natural instant of time. At each cohesion, formation, motion planning and a long etcetera;
communication round each agent performs the and (iii) complexity analysis results for coordinationksas
following tasks: (i) it transmits its position and as opposed to for algorithms.
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BASIC GEOMETRIC NOTIONS

Here we have gathered various geometric concepts used
S. Marfnez, F. Bullo, J. Coéls, and E. Frazzoli, “Syn- throughout the paper. Le§ C R¢, d € N, be compact.

chronous  robotic networks and complexity of control andThe circumcenter of S. denoted bﬁircum(S) is the center
communication laws,” Preprint. Available electronically —at ' '

htt p: // xxx. ar xi v. or g/ mat h. OC/ 0501499, Jan. 2005. of the smallest-radius sphere Rf' enclosingS. Given an
——, “On synchronous robotic networks — Part I: Modelsskmand  integrable functiorp: S — R, themass of S is Mass(S) =
complexity notions,” inlEEE Conf. on Decision and Control, Seville, i i

Spain, Feb. 2005, submitted. fS ¢(q)dq, and thecentroid of 5'is

Y. U. Cao, A. S. Fukunaga, and A. Kahng, “Cooperative mmbil 1

robotics: Antecedents and directionsfutonomous Robots, vol. 4, Centroid(S) = ——— / qo(q)dg .

no. 1, pp. 7-27, 1997. Mass(S) Jg

E. Klavins and R. M. Murray, “Distributed algorithms fopoperative o ; : - s
control,” IEEE Pervasive Computing, vol. 3, no. 1, pp. 56-65, 2004. A partition of S is a collection of subsets of with disjoint

H. Ando, Y. Oasa, I. Suzuki, and M. Yamashita, “Distribdtmem-  interiors and whose union i§. Given a set ofN distinct
oryless point convergence algorithm for mobile robots withited  points P = {p; };cq1,...n3 in S, the Voronoi partition of

visibility,” IEEE Transactions on Robotics and Automation, vol. 15, : ; ;
no. 5. pp. 818828, 1999. S generated byP (with respect to the Euclidean norm) is

P. Flocchini, G. Prencipe, N. Santoro, and P. Widmayertt@ring  the collection of Seti‘(‘/i(P>}i€{1,..‘,N} defined byV;(P) =
of asynchronous oblivious robots with limited visibilityTheoretical {q c S | ||q — pi||2 < ||q — pj||2, for all pj € 7)}_ We

Computer Science, 2005, to appear. - - ;
3 Lin, A S. Morse, and B. D. O. Anderson, “The multi-agent usually refer toV;(P) as V;. For a detailed treatment of

rendezvous problem - the asynchronous case/IEBE Conf. on ~ VOronoi partitions we refer to [22], [21].
Decision and Control, Paradise Island, Bahamas, Dec. 2004, pp. 1926—- For ] = {1,...,N} and S C R?, a proximity edge

1931. i . QN IxI\diag(IxI)
Z. Lin, M. Broucke, and B. Francis, “Local control strgtes for p IS a map of the formp: S — 2 )

groups of mobile autonomous agentsZEE Transactions on Auto-  FOr 7 € R, we define ther-disk proximity edge map
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