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Abstract.  Motion planning and control are key problems in a collection of robotic
applications including the design of autonomous agile vehicles and of minimalist
manipulators. These problems can be accurately formalized within the language
of ane connections and of geometric control theory. In this paper we overview
recert results on kinematic controllabilit y and on oscillatory controls. Furthermore,
we discuss theoretical and practical open problems as well as we suggest control
theoretical approachesto them.

1 Motiv ating problems from a variety of rob otic
applications

The researd in Robotics is cortinuously exploring the designof novel, more
reliable and agile systemsthat can provide more e cient tools in current
applications such asfactory automation systems,material handling, and au-
tonomous robotic applications, and can make possibletheir progressiwe use
in areassudc as medical and social assistanceapplications.

Mobile Robotics, primarily motivated by the developmert of tasksin un-
reachable environments, is giving way to new generations of autonomous
robots in its seart for new and \b etter adapted" systemsof locomotion. For
example, traditional wheeledplatforms have ewlved into articulated devices
endaved with various typesof wheelsand suspensionsystemsthat maximize
their traction and the robot's ability to move over rough terrain or evenclimb
obstacles.The typesof wheelsthat are being employed include passiwe and
powered castors, ball-wheels or omni-directional wheels that allow a high
accuracy in positioning and yet retain the versatility, exibilit y and other
properties of wheels. A rich and active literature includes (i) various vehi-
cle designs[39,42,45,47]ii)) the automated guided vehicle \OmniMate" [2],
(i) the roller-walker [15] and other dexterous systems[17]that changetheir
internal shape and constraints in responseto the required motion sequence,
and (iv) the omni-directional platform in [19].
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Other typesof remotely controlled autonomousvehiclesthat are increas-
ingly being employed in space,air and underwater applications include sub-
mersibles, blimps, helicopters, and other crafts. More often than not they
rely on innovative ideasto a ect their motion instead of on classic design
ideas.For example,in underwater vehicle applications, innovativ e propulsion
systemssudc as shape changes,internal masses,and momertum wheelsare
being investigated. Fault tolerance, agility, and maneuwerability in low ve-
locity regimes, asin the previous example systems, are some of the desired
capabilities.

/“/

Fig. 1. Underactuated robots appear in a variety of environments. From left to
right, a planar vertical take-o and landing (PVTOL) aircraft model, a horizontal
model of a blimp and the snakeboard.

A growing eld in Mobile Robotics is that of biomimetics. The idea of this
approad is to obtain someof the robustnessand adaptability that biological
systems have re ned through ewlution. In particular, biomimetic locomo-
tion studiesthe periodic movemern patterns or gaits that biological systems
undergo during locomotion and then takesit as referencefor the design of
the medanical courterpart. In other cases,the designof to robots without
physical courterpart is inspired by similar principles. Robotic locomotion sys-
tems include the classicbipeds and multi-leggel rolots as well as swimming
snake-like robots and ying robots. Thesesystems nd potential applications
in harsh or hazardousenvironments, such asunder deepor shallov water, on
rough terrain (with stairs), along vertical walls or pipesand other ernviron-
merts di cult to accesdor wheeledrobots. Speci ¢ examplesin the literature
include hyper-redundart robots [13,16],the snakeboard [33,41],the G-snhakes
and roller racer modelsin [26,27], sh robots [23,25], eel robots [21,37],and
passive and hopping robots [18,36,43].

All this set of emergingrobotic applications have special characteristics
that posenew challengesin motion planning. Among them, we highlight:

Underactuation. This could be ownedto a designchoice:nowadays low weight
and fewer actuators must perform the task of former more expensive systems.
For example, consider a manufacturing environment where robotic devices
perform material handling and manipulation tasks: automatic planning al-
gorithms might be able to cope with failures without interrupting the man-
ufacturing process.Another reasonwhy these systemsare underactuated is
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becauseof an unavoidable limited cortrol authority: in somelocomotion sys-
tems it is not possibleto actuate all the directions of motion. For exam-
ple, considera robot operating in a hazardousor remote ervironment (e.g.,
aerospaceor underwater), an important concernis its ability to operate faced
with a componert failure, sinceretrieval or repair is not always possible.

Complexdynamics. In thesecortrol systems,the drift plays a key role. Dy-
namic e ects must necessarilybe takeninto accourt, sincekinematic models
are no longer available in a wide range of current applications. Examplesin-
cludelift and drag e ects in underwater vehicles,the generationof momertum
by meansof the coupling of internal shape changeswith the environment in
the eelrobot and the snakeboard, the dynamic stability properties of walking
machines and nonholonomic wheeledplatforms, etc.

Current limitations of motion algorithms. Most of the work on motion plan-
ning has relied on assumptionsthat are no longer valid in the presernt ap-
plications. For example, one of theseis that (wheeled) robots are kinematic
systems and, therefore, controlled by velocity inputs. This type of models
allows oneto designa cortrol to reach a desiredpoint and then immediately
stop by setting the inputs to zero. This is obviously not the casewhen dealing
with complex dynamic models.

Another common assumption is the one of fully actuation that allows to
decouple the motion planning problem into path planning (computational
geometry) and then tracking. For underactuated systems,this may be not
possible becausewe may be obtaining motions in the path planning stage
that the system can not perform in the tracking step becauseof its dynamic
limitations.

Fig. 2. Vertical view of an omni-directional
robotic platform with 6 degreesof freedom
and 3 nonholonomic constraints [12,19]. This
device is capable of highly accurate position-
ing, high payloads, and high speed motion.
In its fully actuated con guration, the robot
is endowed with 6 motors at the three wheels
and at the three joints ( 1; 2; 3). However,
underactuated con gurations can arise be-
causeof failures or intentional design.

Furthermore, motion planning and optimization problems for these sys-
tems are nonlinear, non-corvex problemswith exponertial complexity in the
dimension of the model. These issueshave becomeincreasingly important
due to the high dimensionality of many current medanical systems,includ-
ing exible structures, compliant manipulators and multib ody systemsun-
dergoing recon guration in space.
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Bene ts that would result from better motion planning algorithms for un-
deractuated systems. From a practical perspective, there are at least two
advantagesto designing cortrollers for underactuated robotic manipulators
and vehicles.First, afully actuated systemrequiresmore cortrol inputs than
an underactuated system, which meansthere will have to be more devices
to generatethe necessaryforces. The additional cortrolling devicesadd to
the cost and weight of the system. Finding a way to cortrol an underactu-
ated version of the systemwould improve the overall performanceor reduce
the cost. The secondpractical reasonfor studying underactuated vehiclesis
that underactuation provides a badkup control technique for a fully actuated
system. If a fully actuated systemis damagedand a cortroller for an under-
actuated systemis available, then we may be able to recover gracefully from
the failure. The underactuated cortroller may be able to salvage a system
that would otherwise be uncortrollable.

2 Mathematical unifying approach to the modeling of
rob otic systems

Most of the robotic deviceswe have mentioned so far can be characterized
by their special Lagrangian structure. They usually exhibit symmetries and
their motion is constrainedby the ervironment wherethey operate. In the fol-
lowing, we introduce a generalmodeling languagefor underactuated robotic

systems.
Let g= (q%;:::;9") 2 Q be the con guration of the medanical system
and considerthe control equations:
L+l (Qdd = Mij@/+ki d+vi + 4 vl !
Ll ik@dd = @ () 1(Quy + 1 m(@DuUm ;. (1)

where the summation convertion is in placefor the indicesj;k that run from
1ton, and

() V:Q! R corresppndsto potential energy and kji (o)d corresponds to
damping forces,

the inertia matrix de ning the kinetic energy according to

k — }M mk @/Imj + @/lm| @/Iij

172 @ @ e |
where M ™ is the (m; k) componert of M 1, and,
(i) fFa:a= 1;:::;mgarethe m input co-vector elds, andfY,= M 'F,:

Underactuated systemshave fewer cortrol actuators, m, than degreesof
freedomn > m. Other limitations on the control signalsu, might be presen,
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e.g., actuators might have magnitude and rate limits, or they might only
generateunilateral or binary signals(e.g., thrusters in satellites).

The notion of ane connection provides a coordinate-free means of de-
scribing the dynamics of robotic systems.Given two vector elds X;Y, the
covariant derivative of Y with respect to X is the third vector eld r x Y
de ned via

(rxY) = @.ixi + Xy )

The operator r is called the ane connection for the medanical systemin
equation (1). We write the Euler-Lagrange equationsfor a system subject to
a consenative force Yy, a damping force k(g)g and m input forcesas:

X
rqd= Yo(a) + k(a)(@ +  Ya(Q)ua(t): ®3)

a=1

Equation (3) is a coordinate-freeversionof equation (1). A crucial obsenation
is the fact that systemssubject nonholonomicconstraints canalsobe modeled
by meansof a ne connections.In the interest of brevity, we refer to [10,31]
for the exposition of this result and the explicit expressionof the Christo el
symbols corresponding to the Lagrange-d'Alembert equations.

The homogeneous structure of mechanical systems. The fundamenal
structure of the cortrol systemin equation (3) is the polynomial dependence
of the various vector elds on the velocity variable g. This structure a ects
the Lie bracket computations involving input and drift vector elds. The
system (3) is written in rst order di erential equation form as

dq_ ol X0
it o @arv@rk@@ T va O

where (q; q) is the vector with ith componert |, (9)d d*. Also, if x = (q; q),

Z(x) = Yt (x) , and k'™ (x),

a . o . o .
(q ° Ya(q) k(ag)(Q)

the cortrol systemis rewritten as

X
X=Z(x)+ Yo' )+ K™ )+ YR (X)Ua(t):

a=1

Let hi(q;q) be the set of scalar functions on R?" which are arbitrary

P; bethe setof vector elds on R?" whose rst n componerts belongto h;
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and whosesecondn componerts belongto hi.; . We note that thesenotions
can also be de ned on a generalmanifold, see[7].

We are now ready to presert two simple ideas. First, all the previous
vector elds are homogeneougolynomial vector elds for somespeci ¢ value
of i. Indeed, Z 2 Py, k' 2 Py, and YJ® 2 P ;. Second,since the Lie
bracket betweena vector eld in P; and a vector eld in P; belongsto Pi.j,
any Lie bracket of the given relevant vector elds remains a homogeneous
polynomial. In other words, the set of homogeneousvector elds is closed
under the operation of Lie bracket.

A consequencef this analysisis the de nition of symmetric product of
vector elds. We de ne the symmetric product between Y, and Y, as the
vector eld hYjy : Ypi = hYy @ Yai given by

. ) i i . . :
hYp : Yai' = hYa 1 Yi' = %?Yg + %.bvau e YAY+ YY)

Straightforward computations show that hYa @ Yui't = [Y[ft;[Z4: Y[ ]]. This
operation plays a key role in nearly all the corntrol problems assa@iated with
this classof systems:nonlinear cortrollabilit y [14,32],optimal cortrol [11,30],
dynamic feedbad linearization [44], algorithms for motion planning and sta-
bilization [6,34,40],etc.

A series expansion for the forced evolution starting from rest. The
homogeneousstructure of the medianical cortrol system (3), together with
the symmetric product, set the basisto establish the following description
of the ewlution of the system trajectories starting with zero initial veloc-
ity [3,14]. Assymeno potential or damping forcesare presen in the system.
Let Y(q;t) = 2“:1 Ya(Q)ua(t). De ne recursively the vector elds Vi by

Z, 1b(thD E
Vi(gt) = , Y (g, s)ds; Vk(gt) = 5 . Vi(g;s): Wk j(gs) ds:

2.
j=1

Then, the solution q(t) of equation (3) satis es

Xl

at) = Vi(a(t);t); (4)

k=1

where the series corvergesabsolutely and uniformly in a neighborhood of
o and over a xed time interval t 2 [0;T]. This seriesexpansion provides
a meansof describing the open-loop response of the systemto any specic
forcing. As we will seebelow, it plays a key role in seweral motion planning
and cortrol strategiesfor underactuated robots.
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3 Existing results on planning for underactuated
systems

To design planning algorithms for underactuated robotic systems,we advo-
cate anintegrated approacd basedon modeling, systemdesign,cortrollabilit y
analysis, dexterity, manipulabilit y, and singularities. Theseanalysisconcepts
are fundamertal for robust planning algorithms that do not solely rely on
randomization or nonlinear programming. We do not suggestclosed-form
planning algorithms, rather we envision methods that combine the best fea-
tures of formal analysisand of numerical algorithms.

For reasonsof space,we cannot presert a detailed accourt of all exist-
ing results on motion planning for underactuated systems,and not even of
the results obtained within the modeling approad proposedin Section 2.
Therefore, we focus on two speci ¢ cortrol methodologiesfor motion plan-
ning: decoupledplanning algorithms for kinematically cortrollable systems,
and approximate inversion algorithms basedon oscillatory controls.

Section 3.1 reviewsdecouplad planning algorithms that exploit certain dif-
ferertial geometricpropertiesto reducethe complexity of the motion planning
problem (still to be solved via numerical algorithms). The notion of kinematic
controllability is extremely e ectiv e:trajectory planning decouplesrom being
a problem on a 2n dimensionalspaceto an n dimensionalspace.Furthermore,
various state constraints can be neglectedin the reducedspace.For systems
that are not kinematically cortrollable and that require oscillatory cortrols to
locomote, Section 3.2 preseris motion planning algorithms basedon approx-
imate inversion. Both designmethods are closelyrelated to recert results on
nonlinear cortrollabilit y [9,32], power seriesexpansiong[3,14],two time-scales
coordinate-free averaging [4,35], and nonlinear inversion algorithms [6,34].

The strengths of this methodology are as follows. Both methodologies
provide solutions to the corresponding problems, i.e., point to point and
trajectory planning. These analytic results do not rely on non-generic as-
sumptions such as feedbad linearization, nilpotency or atness. The results
are coordinate-free and hence widely applicable, e.g., to aerospaceor un-
derwater robotics settings. Both methods are consistent, complete and con-
structiv e (consistert plannersrecover the known solutions available for linear
and nilpotent systems,and complete planners are guaranteedto nd a local
solution for any nonlinearly cortrollable system).

3.1 Kinematic controllabilit y for underactuated rob ots

The following decoupling methodology was proposed in [9] to reduce the
complexity of the motion planning problem. The method is constructive (only
quadratic equationsand no PDEs are involved) and physically intuitiv e.
We consideras a motivating example a common pick-&-place manipula-
tor: Fig. 3 shaws a vertical view of a three-revolute-joints device. We investi-
gate planning schemesfor this systemwhen one of its three motors is either
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Fig. 3. A three-revolute-joints device. It can
be proven [9] that any two-actuator con gu-
ration of this system is kinematically control-
lable, i.e., one can always nd two decoupling
vector elds whose involutiv e closure is full-
rank.

failed or missing. We present a decoupling idea to reducethe complexity of
the problem: instead of searding for feasibletra jectories of a dynamic system
in R®, we shaw how it su ces to seard for paths of a simpler, kinematic (i.e.,
driftless) systemin RS,

A curve :[0;T] 7! Q is a controlled solution to equation (1) if there
exist inputs u, : [0; T]! R for which solves(1). To avoid the dicult task
of characterizing all controlled solutions of the system(1), we focuson curves
satisfying = s(t)X ( ), where X is a vector eld on Q, and where the map
s:[0;T]! [0;1]is a\time-scaling" parameterization of . Sud curvesare
called kinematic motions.

We call V a decoupling vector eld if all curves satisfying = s(t)V( )
for any time scaling s, are kinematic motions. This de nition is useful for
three reasons.First, V is decouplingif and only if V and r vV are linear

systemkinematically contrgllable In the latter case,we can plan motions for
the kinematic systemq = 2:1 W4 (t)Va(0), and they will automatically be
controlled curvesfor the original system (1).

3.2 Appro ximate inversion via small amplitude and oscillatory
controls

As in the previous section, the objective is to design motion planning and
stabilization schemesfor underactuated systems. We propose perturbation
and inversion methods as widely applicable approaces to solve point to
point and trajectory planning problems. Let us regard the ow map of
equation (3) over a nite time interval as a map from the input functions
ui : [0;T]! R to the target state x(T). The ideal algorithm for point-to-p oint
planning computes an exact (right) inverse ! of . Unfortunately, closed
form expressionsor ! are available only assumingnon-generic di eren tial
geometric conditions (e.g., the systemneedsto be feedbadk linearizable, dif-
ferertially at, or nilpotent). Instead of aiming at \exact" solutions, we focus
on computing an approximate inverse map using perturbation methods suc
as power seriesexpansionsand averaging theory. Although these tools are
only approximate, the resulting algorithms are consistert and complete.



Motion planning and control problems for underactuated robots 9

Oscillatory (high frequency , high amplitude) controls for tra jectory
planning. We preseri the approad in three stepsand refer to [35] for all
the details. As rst step, we presen arecen coordinate-free averaging result.
Let 0< 1. Assumethe cortrol inputs are of the form

1 t
U= -u -t ;

and assumethey are T-periodic and zero-meanin the rst variable. De ne

the averagedmultinomial iterated integrals of us;:::;uy as
- T! z T z s k1 z s Km
Uik () = 5 uy( std o Um( ;t)d ds:
kl. P km -0 0 0
Let a;b;c take value in f1;:::;mg. Let k, (resp. kap) denote the tuple
(kKgji:ikm) with ke = ¢4 (resp. ke = ca + ). Then, over a nite time
qit) = r(t)+ O( ), as ! 0, wherer(t) satis es
A — .
ror = Yo(r) + k(r)(r) + SUka (0 Uk () hYa 2 Yai(r) (5)
X a=1
+ Uy, (U, (1) Uy, (1) hYa @ Ypi(r):
a<b

As a secondstep, givenz,(t), zc(t) arbitrary functions of time, we propose
the following inversion procedure

(i) de ne the scalar functions y (ap)(t) = piN(a; b) codN (a; b t), where

(a;b), with a< h.
(i) selectthe following cortrols in (3),

Ua(t; @) = Va(t; q) + }Wa E;t ;

X1 xXn
Wa( ;t) = N(c;a)( )+ Zac (1) N(a;c)( )

c=1 c=a+l
where v,(t; ) are still to be chosen.

After computing the averagediterated integrals of the oscillatory inputs
Wy (t=; t), equation (5) for the averagedsystembecomes

X
re= Yo(r) + k(r)(+  va(t;r)Ya(r)
a=1

X
Uk (DRYa s Yai (D) Zap(D)NYa © Yei (1) :

a=1 a<b
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As a third and nal step, assumethat all the vector elds of the form
BYb " Ypi belongto sparfY,g. Let 4 : Q! R besud that hY, : Yai(q) =

b ab(@Yb(A), 92 Q. Select
|

1 X xn '
Va(t; @) = za(t) + > ba(d) b 1+ (Zoo(1))?
b=1 c= b+l

Then, we have

xXn X
Va(t 1)Ya(r) = z8()Ya(r) + Uk, (OHYa 1 Yai(r);

a=1 a=1 a=1

which implies that eq. (5) takesthe nal form,

X X
ro=Yo(r)+ k(r)(0+  za(t)Ya(r) + Zoe(hYy : Yei(r) ;

a=1 b<c

The averagedsystemnow has more available cortrol inputs than the original
one. If the input distribution | = sparf Yy ; hYy : Ycig is full rank, then the
latter systemis fully actuated (i.e., one cortrol input is available for eat
degreeof freedom). If the input distribution | corntains a su cien t number
of decoupling vector elds, then the systemis kinematically cortrollable. In
both caseswe have reducedthe complexity of the motion planning problem.

Fig. 4. Approximate trajectory
tracking for an underactuated PV-
TOL model by means of oscil-
latory controls. The curve to be
tracked is shown solid, and the
various oscillating curves corre-
e spond to di eren t valuesof the pa-
‘ rameter

Remark 1 (Small amplitude algorithms basel on series expmnsions). A re-
lated approac to motion planning relies on small amplitude periodic forc-
ing; see[6,34]. The planning problem is solved by approximately inverting
the seriesexpansiondescribing the ewolution of the cortrol system (cf. Sec-
tion 2). This inversion procedureis very similar to the one preseried above.
Basedon it, one can establishtwo simple primitiv esof motion to changeand
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maintain velocity, while keeping track of the changesin the con guration.
Theseprimitiv escan then be usedasthe building blocks to designhigh-level
motion algorithms that solve the point-to-p oint recon guration problem, the
static interpolation problem and the local exponertial stabilization problem.
Fig. 5 shows two examplesof the execution of these algorithms.

Fig. 5. lllustration of the motion planning algorithms via small amplitude periodic
forcing for a simple planar body (left) and the blimp model (right). The errorsin the
nal con guration are within the sameorder of magnitude of the input employed

4 Open problems and possible approac hes

Immediate open questions arising from the above-preseted results are the
following:

Kinematic modeling and control. The current limitations are as follows: the
designproblem is now reducedto planning for a kinematic systemwith the
additional constraint of zero-\elocity transitions between feasible motions.
This additional constraint leadsto poor performancewhen coupledwith cur-
rent randomized planners [20,24,28,29]that switch frequertly between the
available motions. The zero-welocity switchesalso create problemsfor trajec-
tory tracking controllers basedon linearization, sincethe systemloseslinear
cortrollabilit y at zero-welocity. Finally, there is no notion of time-optimalit y
for thesekinematic motions and there is no way of dealingwith systemswhere
oscillatory inputs are neededfor locomotion (seebelow for a discussionon
this point). Motiv ated by this analysis, we identify the following open issues:

(i) Develop a catalog of kinematically cortrollable systems,including planar
manipulators with revolute as well as prismatic joints, parallel manip-
ulator, manipulators in three dimensional spaceand in aerospaceand
underwater environments (accourting for the di erent dynamicsin suc
settings). Some preliminary work in this direction can be found in [8].
Analyze and classify the singularities that these vector elds possessas
a prerequisite step for planning purposes.
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A (left) group actionisamap :G Q! Qsuchthat (e;q) = q, for
all g2 Q, where e denotesthe identity elemen in G, and (g; (h;q)) =
(gh;q), forallg;h 2 G, g2 Q. Usually G SE(n), and then the action
describesarigid displacemen of somecomponerts of the robot. An inter-
esting problem would be to identify conditions under which decoupling
vector elds can be found which are invariant under such group actions.
When this is the case,motion plans can be designedexploiting estab-
lished\in versekinematics" methods; see[38, Chapter 3]. This simpli ca-
tion eliminates the needfor any numerical procedureif the robot moves
in an un-obstructed ernvironment, or further reducesthe dimensionality
and complexity of the resulting seard problem in complex ervironments.
To tackle the di culties inherent with zero-welocity transitions, it would
be appropriate to dewvelop randomized planners which require as few
switchesbetweendecouplingvector elds aspossible,and to dewelop tra-
jectory tracking cortrollers for these systemsable to adequately perform
through the singularities.
Another interesting idea would consist of switching between decoupling
vector elds without stopping. In somesense this is also related to the
problem of deweloping transitions between relative equilibria. Relative
equilibria are \steady trajectories” that the system admits as feasible
solutions. This family of trajectories is of great interest in theory and
applications asthey provide arich family of motions with the simplifying
property of having constart body- xed velocity. Relative equilibria for
systemsin three dimensional Euclidean spaceinclude straight lines, cir-
cles,and helices.Despite partial results, no method is currently available
to designprovably stable switching maneuwers from one relative equilib-
rium to another (or from one decoupling vector eld to another without
stopping). A necessarypreliminary step toward this objective is to ana-
lyze the cortrollabilit y properties of underactuated systemsmoving along
a relative equilibrium or along a decoupling vector eld.

Small-amplitude and high-frequencycontrols. The current limitations are as
follows. The implemenrtation of the small amplitude approad requires the
computation and manipulation of high order tensors,and the approach hasa
limited region of corvergence.The implementation of the oscillatory cortrol
approad presers di culties in most physical settings becauseof the required
high frequency high amplitude inputs. Motiv ated by this analysis, we think
that the following are interesting issuesto explore:

@

For the small amplitude cortrols formulation, open questionsinclude (a)
investigate tight estimates for the region of validity of the truncations
(simulation studies suggestthat there are better boundsthan the conser-
vative onescurrently available), (b) designbasefunctions optimal with
regardsto region of corvergenceand appropriate cost criteria, (c) design
inversion algorithms for systemsthat are not linearly controllable. The
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latter setting is equivalert to a non-de nite quadratic programming prob-
lem, i.e., to the problem of nding su cien t conditions for a vector-valued
quadratic form to be surjective (see[5] for a discussionon this subject).

For the oscillatory controls formulation, standing problemsare (a) inves-
tigate the useof high-frequencybounded amplitude cortrols, (b) charac-
terize approximate kinematic cortrollabilit y and di erential atness via
oscillations, (c) investigate physical settings in which oscillatory controls
are natural control means,e.g., micro-electromedanical robots, (d) inves-
tigate extensionsof this coordinate-free perturbation theory to discrete-
time nonlinear systems,and to distributed parameter systemsand partial

di erential equations.

An ambitious program would consist of developing schemesthat combine
the proposedanalytic methods with iterativ e numerical algorithms. One
approad is via homotopy and level set methods [1,46] as schemesthat

overcomethe limitations induced by the small parameter (small conver-
genceregion or high amplitude high frequency). A seconddirection is to
usethe planner basedon small amplitude cortrols as a local planner in-
side a global seard algorithm basedon randomization; see[22] for some
preliminary results on local/global planners.

Acknowledgmen ts

This researt was partially funded by NSF grants CMS-0100162and I1S-
0118146.The authors would like to thank Andrew Lewis, Kevin Lynch, Milos
Zefran, Todd Cerven, and Timur Karatas.

References

1.

2.

Allgower EL, Georg K (1990) Numerical Continuation Methods: An Intr oduc-
tion. Springer Verlag, New York.

Borenstein J (2000) The OmniMate: a guidewire- and beacon-free AGV for
highly recon gurable applications. Int J Production Res 38(9):1993{2010.

. Bullo F (2001) Seriesexpansionsfor the evolution of mechanical control sys-

tems. SIAM J. Control Optim 40(1):166{190.

Bullo F (2002) Averaging and vibrational control of medhanical systems. SIAM
J. Control Optim 41(2):542{562.

Bullo F, CortesJ, Lewis AD, Mart nez S (2002) Vector-valued quadratic forms
in control theory. In: Mathematical Theory of Networks and Systems(MTNS) ,
Notre Dame, Indiana, August 2002. Workshop on Open Problems in Mathe-
matical Systemsand Control Theory.

Bullo F, Leonard NE, Lewis AD (2000) Controllabilit y and motion algorithms
for underactuated Lagrangian systemson Lie groups. IEEE Trans Automat
Control 45(8):1437{1454.

Bullo F, Lewis AD (2000) On the homogeneity of the a ne connection model
for mechanical control systems. In: IEEE Int Conf on Decision and Control,
Sydney, Australia, Decenber 2000, pp 1260{1265.



14

©

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

S. Mart nez, J. Cortes, F. Bullo

Bullo F, Lewis AD, Lynch KM (2002) Controllable kinematic reductions for
medhanical systems: concepts, computational tools, and examples. In: Mathe-
matical Theory of Networks and Systems(MTNS) , Notre Dame, Indiana, Au-
gust 2002.

Bullo F, Lynch KM (2001) Kinematic controllabilit y for decoupled tra jectory
planning in underactuated mechanical systems. IEEE Trans Rolotics Automat
17(4):402{412.

Bullo F, Zefran M (2002) On medanical control systemswith nonholonomic
constraints and symmetries. Systems& Control Lett 45(2):133{143.
Camarira M, Silva Leite F, Crouch PE (1995) Splines of class C* on non-
Euclidean spaces.IMA J Math Control & Information 12:399{410.

Campion G, Bastin G, D'Andrea-Novel B (1996) Structural properties and
classi cation of kinematic and dynamic models of wheeledmobile robots. IEEE
Trans Robotics Automat 12(1):47{62.

Chirikjian G, Burdick JW (1994) Kinematics of hyperredundant locomotion.
IEEE Trans Robotics Automat 11(6):781{793.

CortesJ, Mart nez S, Bullo F (2002) On nonlinear controllabilit y and seriesex-
pansions for Lagrangian systemswith dissipative forces. IEEE Trans Automat
Control 47(8):1396{1401.

Endo G, Hirose S (1999) Study on roller-walker (system integration and ba-
sic experiments). In: IEEE Int Conf on Robotics and Automation, Detroit,
Michigan, May 1999, pp 2032{2037.

Hirose S (1993) Biologically inspired robots: snake-like locomotors and manip-
ulators. Oxford University Press, Oxford.

Hirose S (2000) Variable constraint mechanism and its application for design
of mobile robots. Int J Rolotics Res 19(11):1126{1138.

Hodgins JK, Raibert MH (1990) Biped gymnastics. Int J Rolotics Res
9(2):115{132.

Holmberg R, Khatib O (2000) Developmert and control of a holonomic mobile
robot for mobile manipulation tasks. Int J Rolotics Res 19(11):1066{1074.
Hsu D, Latombe JC, Motwani R (1999) Path planning in expansive con gura-
tion spaces.Int J Comp Geom Appl 9(4):495{512.

Jalbert JC, Kashin S, Ayers J (1995) Design considerations and experiments
of a biologically based undulatory lamprey AUV. In: 9th Int Symposium on
Unmanned Untethered Submersible Technology, Durham, New Hampshire.
Karatas T, Bullo F (2001) Randomized seardesand nonlinear programming in
tra jectory planning. In: IEEE Conf on Decision and Control, Orlando, Florida,
Decenber 2001, pp 5032{5037.

Kato N, Inaba T (1998) Guidance and control of sh robot with apparatus of
pectoral n motion. In: IEEE Int Conf on Rolotics and Automation, Leuven,
Belgium, May 1998, pp 446{451.

Kavraki LE, Svestka P, Latombe JC, Overmars MH (1996) Probabilistic
roadmaps for path planning in high-dimensional space. IEEE Trans Rolotics
Automat 12(4):566{580.

Kelly SD, Mason RJ, Anhalt CT, Murray RM, Burdick JW (1998) Modelling
and experimental investigation of carangiform locomotion for control. In: IEEE
American Control Conference, Philadelphia, PA, 1998, pp 1271{1276.
Krishnaprasad PS, Tsakiris DP (1994) G-snakes: Nonholonomic kinetic chains
on Lie groups. In: IEEE Int Conf on Decision and Control, Lake Buena Vista,
Florida, Decenmber 1994, pp 2955{2960.



27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45,

46.

47.

Motion planning and control problems for underactuated robots 15

Krishnaprasad PS, Tsakiris DP (2001) Oscillations, SE (2)-snakesand motion
control: a study of the roller racer. Dynam Stab Systems16(4):347{397.
LaValle SM, Kuner JJ Rapidly-exploring random trees: Progress and
prospects. In: Workshop on Algorithmic Foundations of Rolotics, Dartmouth,
New Hampshire, March 2000, pp 293{308.

LaValle SM, Kuner JJ. (2001) Randomized kinodynamic planning. Int J
Rohotics Res 20(5):378{400.

Lewis AD (2000) The geometry of the maximum principle
for ane connection control systems. Preprint available at:
http:/ /penelope.mast.queensu.ca/~andrew

Lewis AD (2000) Simple mechanical control systemswith constraints. IEEE
Trans Automat Control 45(8):1420{1436.

Lewis AD, Murray RM (1997) Con guration controllabilit y of simple mechan-
ical control systems. SIAM J Control Optim 35(3):766{790.

Lewis AD, Ostrowski JP, Murray RM, Burdick JW (1994) Nonholonomic
medhanics and locomotion: the snakeboard example. In: IEEE Int Conf on
Rototics and Automation, San Diego, California, May 1994, pp 2391{2400.
Mart nez S, CortesJ (2002) Motion control algorithms for simple mechanical
systemswith symmetry. Acta Applicandae Mathematicae, to appear.

Mart nez S, CortesJ, Bullo F (2001) Analysis and design of oscillatory controls
systems. IEEE Trans Automat Control, submitted. Available electronically at
http:/ /motion.csl.uiuc.edu .

McGeer T (1990) Passive dynamic walking. Int J Rohotics Res 9(2):62{82.
Mclsaac KA, Ostrowski JP (1999) A geometric approach to anguilliform loco-
motion: modeling of an underwater eelrobot. In: IEEE Int Conf on Rolotics
and Automation, Detroit, Michigan, May 1999, pages2843{2848.

Murray RM, Li ZX, Sastry SS(1994) A Mathematical Intr oduction to Robotic
Manipulation . CRC Press, Boca Raton, Florida.

Ostrovskaya S, Angeles J, Spiteri R (2000) Dynamics of a mobile robot with
three ball-wheels. Int J Rohotics Res 19(4):383{393.

Ostrowski JP (2000) Steering for a class of dynamic nonholonomic systems.
IEEE Trans Automat Control 45(8):1492{1497.

Ostrowski JP, Burdick JW (1998) The geometric mecdhanics of undulatory
robotic locomotion. Int J Robotics Res 17(7):683{701.

Pin FG, Killough SM (1994) A new family of omnidirectional and holonomic
wheeledplatforms for mobile robots. IEEE Trans Rolotics Automat 10(4):480{
489.

Raibert MH (1986) Legged Rotots that Balance. MIT Press, Cambridge, Mas-
sadusetts.

Rathinam M, Murray RM (1998) Con guration atness of Lagrangian systems
underactuated by one control. SIAM J Control Optim 36(1):164{179.

Saha S, Angeles J, Darcovich J (1995) The design of kinematically isotropic
rolling robots with omnidirectional wheels. Mechanism and Machine Theory
30(8):1127{1137.

Sethian JA (1996) Level set methads: Evolving interfacesin geometry, uid me-
chanics, computer vision, and materials science. Cambridge University Press,
New York.

West M, Asada H (1997) Design of ball wheel mecdhanisms for omnidirectional
vehicles with full mobility and invariant kinematics. ASME J Mech Design
119(2):153{161.



